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Abstract 

We develop differential algebraic A'-theory of regular and separated schemes 
of finite type over Spec(Z). Our approach is based on a new construction of a 
functorial, spectrum level Beilinson regulator using differential forms. We construct 
a cycle map which represents differential algebraic A-theory classes by geometric 
vector bundles. As an application we derive Lott's relation between short exact 
sequences of geometric bundles with a higher analytic torsion form. 
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1 Introduction 



1.1 Differential algebraic A'-theory 

The algebraic if -theory of a number ring or, more generally, of a regular and separated 
scheme of finite type over Spec(Z) is an interesting and complicated object. Rationally, 
the algebraic if-groups are studied using natural transformations to cohomology which 
are called regulators. In the case of number rings these regulators lead to a complete 
calculation of the rational algebraic if-groups by Borel |Bor 74] . In his seminal paper 
|Bei84) Beilinson formulated far reaching conjectures predicting the order of vanishing 
and the leading coefficient of the L-f unctions of (the generic fibre of) a (flat, proper) 
scheme as above in terms of regulators (up to rational multiples). In particular, they 
predict the dimensions of the rational if -groups in terms of the dimensions of the kernels 
and images of the regulators. We will give a precise statement of this part of Beilinson's 



conjectures in 3.5 



These conjectures were proven by Borel |Bor77[ IBor74j for number rings. Beyond this 
special case they are currently - apart from partial results - open. Any further progress 
would require a deep understanding of regulators and algebraic if -theory, and a way of 
constructing if -theory classes and computing their images under the regulator maps. 
In |BG] we started a new approach to understand aspects of the algebraic if-theory of 
a number ring R by embedding the cohomology theory represented by the algebraic K- 
theory spectrum of R into a differential cohomology theory. In general, a differential 
extension of a cohomology theory can be evaluated on smooth manifolds. It combines the 
homotopy theoretic information with differential form data in a non-trivial way leading 
to interesting secondary invariants. We refer to [BS10] for an axiomatic description of 
differential cohomology theories. A differential extension of a cohomology theory has 
the potential to receive refined characteristic classes which encode geometric data. As a 
classical example, the differential extension of integral cohomology receives refined Chern 
classes for vector bundles with connection |CS85j . 

The present paper introduces the differential algebraic if-theory K(A)° for a regular 
and separated scheme X of finite type over Spec(Z). This is a functor which can be 
evaluated on smooth manifolds (the evaluation will be denoted K(A)°(M)). It may also 
be considered as an alternative version of higher arithmetic if-theory which was initiated 
by Gillet and Soule |GS90j and then elaborated by Takeda |Tak05] building on work by 
Burgos and Wang |BW98j . A third approach to arithmetic if-theory is given by Scholbach 
in |Schl2j which uses the abstract framework of stable homotopy theory of schemes. 
The present paper represents a first stage of the systematic development of differential 
algebraic If -theory. Its goals are to present the construction of differential algebraic K- 
theory for regular and separated schemes of finite type over Spec(Z) on the one hand, 
and the application of this theory to a proof of Lott's relation on the other hand. Since 
it combines information about if-theory classes and their images under the regulator 
maps one might hope that differential algebraic if-theory will be a useful tool for the 
construction of if-theory classes and the computation of regulators. Examples of this 
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type and other applications will be taken up in subsequent papers. 

We now start, rev iewing |BG] . with a description of the framework around Lott's relation, 
we give a more detailed introduction to K(X) . 



In Subsection 



1.3 



1.2 Number rings and a review of [BGJ 



In the context of algebraic i^-theory of a ring R the relevant topological object over a 
manifold M is a bundle V of finitely generated projective .R-modules. It gives rise to a 
class 

cycl(V) G KR°(M) , 

where KR* denotes the cohomology theory represented by the .fT-theory spectrum KR 
of R. A regulator r : KR — > HM\p], where HC or H(C) denotes the Eilenberg-MacLane 



spectrum of the complex C (see |A.5 ), defines a natural transformation between cohomol- 
ogy theories r : KR°(M) — > H P (M;M.). We consider the question how to calculate the 
class r(cycl(V)) G H P (M;R). 

Let us assume that R is a number ring. We choose an embedding a : R — > C and take 
p = 2k + 1 for fceN. These choices determine a regulator 

rv iP : Ki2 -> ifR[p] 

first introduced by Borel |Bor74j which has the following description. The complexifica- 
tion V a := V £S>,r,o-C is a complex vector bundle with a flat connection V V,T . If we choose a 
hermitean metric h " , then we can form the adjoint connection V y<T '*. The p-component 
ch p (V v ^'*, V 1 ^) of the transgression of the Chern character form is closed. Up to nor- 
malization, this is the Kamber-Tondeur form of the flat bundle with metric (V a , V VrT , h Va ) 
introduced in |BL95j . Its cohomology class is independent of the choice of the metric. 
The regulator is now characterized by 

r a , p (cycl(V)) = [ch p (V^*, V v °)) G H P (M;R) . 

The choice of a conjugation invariant collection h v of metrics h Va for all embeddings 

a : R — > C is called a geometry on V. One motivation for introducing the differential 

- — -0 

extension KR of algebraic i^-theory of R is that it can capture a refined cycle class 

cjcl(V,h v ) eKR(M) (1) 

which combines the information about the class cycl(V) G KR°(M) and the character- 
istic forms chp(V y<T '*, V^) with secondary invariants. 

The successful realization of this program is one of the main results of [BG]. The cycle 
map provides the bridge from differential to arithmetic geometry. It allows to transfer 
constructions from manifold theory into the realm of algebra. In the following we discuss 
two examples, the transfer index conjecture and Lott's relation. 

For any cohomology theory E* represented by a spectrum E the Becker-Gottlieb transfer 
is a push-forward operation tr : E*(M) — > E*(B) along a proper submersion ir : M — > B 
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of manifolds. It can be used to understand aspects of the fine-structure of the spectrum 
E using differential topology. 

We apply this to the algebraic if-theory spectrum KR of a number ring R. A bundle of 
-R-modules V can be pushed forward along tc by taking fibre-wise cohomology. In sheaf 
theoretic terms, one considers the higher derived images R l 7r Jf (V). The Becker-Gottlieb 
transfer and this push-forward of bundles of -R-modules can be compared via the cycle 
map leading to the following equality in KR°(M): 

^(-lycycl^V^)) = tr(cycl(V)) . (2) 

The Bismut-Lott index theorem |BL95j implies that ^ holds true in H P (B; M) after 
application of the regulator r a>p described above. The equality ^ in KR°(M) itself is a 
consequence of the Dwyer- Weiss- Williams index theorem [DWW03] . 
The fundamental question considered in [BGJ concerned the refinement of ^ to differ- 
ential algebraic i^-theory. First of all, in |BG] we construct a differential Becker-Gottlieb 
transfer 

tr : E*{M) -> E*(B) 

for every differential cohomology theory E. This differential refinement of tr depends on 
the additional choice of a Riemannian structure g n on n. 

If (V, h v ) is a bundle of -R-modules with metric we define metrics h^*^ on the bundles 
R l ir*V using fibre- wise Hodge theory. These constructions allow to lift both sides of (|2]) to 
differential algebraic i^-theory. A simple check using the local version of the Bismut-Lott 
index theorem |BL95] shows that the naive differential version of ^ is not true. But 
the theory of Bismut-Lott provides a natural candidate for a correction term which can 
be expressed in terms of a higher analytic torsion form T(vr, g™, V, h ). We refer to [BGJ 
for details. Quite generally differential cohomology receives a map from differential forms 
which is denoted by the symbol a as it appears in the following formula. 

Conjecture 1.1. The transfer index conjecture (TIC) predicts that 

^(-1) Vcl(#V*(n ffir-M) + a(T(7r, g\ V, h v )) = tr(cycl(V, h v )) (3) 
«>o 

holds true in KR (B). 

The TIC is an interdisciplinary, still unproven, statement which combines homotopy the- 
ory, global analysis and arithmetic. It subsumes known results like the local version of the 
Bismut-Lott index theorem [BL95| . the Dwyer- Weiss- Williams index theorem [DWW03J, 
or a version of the Cheeger-Miiller theorem |Che79j . [Mul78j. Further special cases and 
arithmetic consequences are discussed in |BG[ Sec. 5]. 
We now describe Lott's relation. We consider a short exact sequence 

V : -+ V -+ V 1 -+ V 2 ^ , g v := (g Vi ) i=0 ,i,2 , (4) 
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of bundles over M of finitely generated projective modules over a number ring R together 
with a choice of geometries. In KR°(M) we then have the relation 

cycl(Vo) - cycl(Vi) + cycl(F 2 ) = . (5) 

It is again a natural question whether this equality refines to differential algebraic K- 
theory. Again by the theory of Bismut-Lott [BL95J, the naive refinement does not hold 
in general, but there is a natural correction term given by a finite-dimensional version of 
the higher-analytic torsion form T(V,g v ). In [BGj we conjectured and partially verified 
the following result: 

Theorem 1.2. Lott's relation 

cyclic,/ ) - cycl(Vi,(7 Vl ) + cycl(V 2 , ,g v >) = a(T(V,g v )) 
holds true in KR (B). 

We call this Lott's relation since a version of it was taken by Lott in |LotOO] as the starting 

point for the construction of a geometric analogue of the flat part of KR (M). We refer to 
|BG] for further details and consequences of Lott's relation. One of the main achievements 



of the present paper is a complete proof of Lott's relation 1.2, see Theorem 5.16 



1.3 The higher-dimensional case and the main results of this 
paper 

The theory of |BGj applies to the differential algebraic i^-theory of number rings. The 
goal of the present paper is to set-up the first step of a generalization of the theory from 
number rings to general regular and separated schemes X of finite type over Spec(Z). 

In order to define a differential extension K(X) of the cohomology theory determined by 
the .fT-theory spectrum Kz(X) one must fix a suitable choice of differential form data. In 
the present paper we work with the absolute Hodge complex as suggested by Beilinson's 
conjectures (cf. [Bei86j ) . It will be denoted by DR^(X). One difference to the standard 
choice in differential cohomology theory is that DR^(X) does not exactly model the 
real homotopy type of Kgpf), and even if X is proper the precise relation between its 
cohomology and the homotopy groups 7r*(Kg(JT)) is only conjectural. 
In general, a differential extension of a cohomology theory E can be considered as a 
byproduct of a geometric construction of the homotopy fibre of the realification map 
E —7- EM.. In the present situation of algebraic i^-theory Kg(Jf) the realification is 
replaced by the Beilinson regulator r| ei1 : K^pT) — > H(D~R,%(X)). For a smooth manifold 



M we have an exact sequence (see (64)) 



-Bail 



K Z (X)~\M) % F(DR Z (X))- 1 (M) A K(X) (M) 4 K Z (X)°(M) -> 
and a map 

R : KpT)°(M) ->• Z°(DR M/iZ (M x X)) . 
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A differential algebraic K-theory class u G K(X) (M) contains the information about 
an underlying topological class and a differential form representing the regulator of the 
former. These pieces are extracted by the maps I and R. The flat part (Definition 5.2) 

K{xf flat (M) : = ker (r : K(X)°(M) ^ Z°(DR Mf , z (M x X))) 



fits into the exact sequence (see (69)) 

K Z (X)-\M) T K H(BR Z (X))-\M) A K{xf flat (M) A K Z (X)°(M) % if(DR z (X))°(M) . 

We now explain the relation to previous constructions of arithmetic algebraic X-theory. 
Let j : pt — > S n be the inclusion of the north pole. Then we have isomorphisms 

K n (X) = ker (f : K z (X)°(S n ) K z (X)°(pt)) 

and 

F-"(DR Z (X)) = ker (f : H(DR z {X))°{S n ) #(DR z (X))°(pt)) . 
The relation of this cohomology with absolute Hodge cohomology of X is given by 

H*(DR Z (X)) - ($H* Uodge (X,R(p)iM) , 

p>0 



see ( 25 ) . If we set 

K n (X) := ker (j* : K(X)° flat (S n ) -> K(X)° /to (pt)) 
then this group fits into an exact sequence 



K n+1 (X) "A ir^DR^X)) A K„(X) A K n (X) ~A r"(DR z (X)) . (6) 

The group K n (X) can thus be understood as a version of the higher arithmetic algebraic 
X-theor}{] according to |Sou921 III.2.3.4], |Del87j . 

Based on the differential form level construction of the Beilinson regulator by Burgos and 
Wang |BW98] , Takeda defines in |Tak05] a group K.^ akeda (X) for proper X together with 
a characteristic form map ch. The group K.^ akeda (X) is the analogue of our 

Kf T (X) := ker (j* : K(X)°(S n ) K(X)°(pt)) . 

It is not the same because of a different choice of differential form data computing absolute 
Hodge cohomology. Takeda's version of arithmetic algebraic X-theory is 

K T n akeda (X) : = ker(ch) . 



: The usual notation for arithmetic algebraic iiT-tlieory is K n (X). In the present paper we use K„(X) 
in order to avoid a confusing inflation of hatted symbols. 
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It fits into an exact sequence which is the analogue of We expect that there is a 
natural isomorphism 

K n (X) = K T n akeda {X) . 
We now mention the main achievements of the present paper: 



5.1): The construction of the differ- 



The construction of K(X) (Definition 

ential algebraic i^-theory functor K(X) requires the development of a framework 
that enables one to understand the Beilinson regulator on the differential form level. 
This occupies the first two and part of the fourth section. 



The cycle map (Subsection 5.3): In the setup of |BG] the construction of the 
cycle map (JT1) was a considerable task. The contribution of the present paper is 
a higher-dimensional generalization together with a great simplification. Let M 
be a smooth manifold and consider a sheaf V of locally free, finitely generated 
pr^ Ox-modules over M x X. We introduce the notion of a geometry g v on V 
which allows us to define a characteristic form oj{g ) G Z°(DRjvf/ ) z(M x X)), see 



Definition 4.13 These characteristic forms lead to a very functorial construction 



of the Beilinson regulator maps in Definition 4.22 The cycle map associates in a 



natural way a differential algebraic i^-theory class 



^l(V,g v ) eK(X)°(M) 



to a geometric bundle (V, g 



3. The proof of Lott's relation (Theorem 5.16): Most interestingly, this is a mere 
consequence of the fact that the calculus developed in |BG] for number rings has a 
higher-dimensional generalization. 

As a simple consequence of the way the regulators are constructed we rederive the gener- 
alization of the Karoubi regulator first obtained in |Taml2} Section 3.5]. 
Besides the above mentioned results, we think that the formalism and techniques devel- 
oped in the present paper should be of independent interest. 
We now describe the contents of the various sections. 

In Section [2] we define algebraic f^-theory in terms of an oo-categorical version of com- 
mutative group completion. The main purpose is to analyze the construction of regulator 
maps and to reduce the amount of data to prescribe and check to a practical level. We 
give a precise way to produce oo-categorical objects (e.g. the regulators) from classical 
data (e.g. characteristic forms). 

In Section [3] we give a construction of the Beilinson regulator using the general method 
developed in Section |2j Here we use some of the differential geometry which will be set 
up in Section [4} The application to the Karoubi regulator is discussed in Subsection |3.6 



In Section [4] we develop the differential geometry of locally free, finitely generated sheaves 
of pr^ Ox-modules V on spaces of the form M x X. We introduce the corresponding 
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absolute Hodge complexes DR^/z, define the notion of a geometry g v on V, and we 
construct the characteristic forms co(g v ) G Z° (DTUx (M)) . At the end, in Subsection M 



we give the Definition 5.1 of the differential algebraic X-theory functor 



M x X n- K°(M x X) 



and derive its immediate properties. In Subsection |5.3| we construct the cycle map 
Hycl: 7r (?Vect^°™(M x X)) 3 (V,g v ) h-> cycl(y,# y ) e K°(M x X) . 



In Section |5.4| we give the precise relationship between the specialization of the theory 
of the present work to number rings R and the set-up of |BG] . The main result is the 
verification of Lott's relation ( Theorem 1.2) in Theorem 5.16 



We have collected various notations, conventions, and technicalities in Appendix [A] and 
will refer there from time to time in the main text. 

Acknowledgements: We thank David Gepner and Thomas Nikolaus for valuable hints. 



2 Regulators 

2.1 Definition of algebraic A'-theory 

In this subsection we describe the algebraic X-theory spectrum of a symmetric monoidal 
category in terms of nerves and group completion. This will later be applied to the 
categories of finitely generated projective modules over a ring or vector bundles on a 
regular scheme. 

We start with the inclusion of commutative monoids into commutative groups which is 
part of an adjunction 

X : CommMon(Set) ^ CommGroup(Set) 

whose left-adjoint is the group completion functor X , also called the Grothendieck con- 
struction. 



The oo-category N(sSet)[VT _1 ] of simplicial sets (with weak equivalences inverted, cf. A. 2) 
has a symmetric monoidal structure given by the cartesian product. This allows to extend 
the notions of commutative monoids and groups to this context. Moreover, the notion 
of group completion generalizes. In fact, the forgetful map from commutative groups to 
commutative monoids in N(sSet) [W -1 ] is again the right-adjoint of an adjunction 

VLB : CommMon(N(sSet)[iy- 1 ]) CommGroup(N(sSet)[H/" 1 ]) , 



see Subsection A.3 We use the symbol VLB resembling an explicit model for the group 
completion since we want to reserve the letter X to denote the X-theory spectrum functor. 
The infinite loop space functor provides an equivalence 

Vf° : N(Sp- )[W -1 ] ^ CommGroup(N(sSet)[H/- 1 ]) 
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between the oo-categories of connective spectra and commutative groups in simplicial sets. 
The composition of its inverse with the forgetful functor from connective to all spectra 
will be denoted by 

sp : CommGroup(N(sSet)[W / - 1 ]) -> N(Sp)[W _1 ] . (7) 

One source of commutative monoids in simplicial sets are nerves of symmetric monoidal 
categories. In fact, the nerve functor N : N(Cat)[VT _1 ] — > N(sSet)|W _1 ] is symmetric 
monoidal with respect to the cartesian structures and therefore induces a transformation 

N : CommMon(N(Cat)[Vy" 1 ]) CommMon(N(sSet)[^ 1 ]) . 

Moreover, we have a functor % : Cat — > Cat which maps any category C to its subcat- 
egory iC of isomorphisms. The induced functor i : N(Cat)[W /_1 ] — > N(Cat)[H /_1 ] is also 
symmetric monoidal. 

Definition 2.1. We call the composition 

K : = sp o QB o Noi : CommMon(N(Cat)[iy- 1 ]) N(Sp)^" 1 ] 
the algebraic K -theory functor. 

The considerations above generalize to diagrams indexed by a simplicial set S. In order 
to simplify the notation we retain the symbol of a functor in order to denote its object 
wise extension to diagrams. We can can make the following definition 

Definition 2.2. The connective algebraic K-theory of a diagram 

V E Fun(S,CommMon(N(Cat)[Vy" 1 ])) 

of symmetric monoidal categories is the diagram of spectra 

K{V) e Fun(S,N(Sp)[iy- 1 ]) , K{V) := sp(OB(N(iV))) . 



2.2 The space of regulators 

Let V be a symmetric monoidal category. To determine the homotopy type of -^(V) 
is in general a difficult task. So we are interested, as a first approximation, in some 
cohomological information about K(V). We consider cohomology theories represented 
by Eilenberg-MacLane spectra. The basic Eilenberg-MacLane spectrum is HTL whose 
only non-trivial homotopy group is tt (H7j) = 7L. It is a commutative ring spectrum 
and therefore gives rise to an oo-category of ifZ-module spectra Mod(iJZ). This oo- 
category turns out to be equivalent to the oo-category of chain complexes N(Ch)[iy -1 ]. 
The equivalence 

H : N(Ch)[I^ 1 ] ^> Mod(#Z) 



is called the Eilenberg-MacLane equivalence. For more details we refer to Subsection | A. 5 
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We have a forgetful functor 

Mod(iJZ) ->■ N(Sp)[W -1 ] 

which will often be used without further notice in order to consider an if Z-module spec- 
trum just as a spectrum. 

Given a symmetric monoidal category V G CommMon(N(Cat) [W -1 ]) and a chain com- 
plex F G N(Ch)[W^ _1 ] we can now consider the commutative group 

fi°°Map(ir(V),ii(F)) G CommGroup(N(sSet)[W / " 1 ]) , 

where Map(K(V), H{F)) G N(Sp)[W / " 1 ] denotes the mapping spectrum. The homotopy 
groups of f2 00 Map(fr(V), H (F)) are cohomology groups of K(V) with coefficients in F. 
For example 

7r (n oo Vla.-p(K(V),H(R[-i]))) S H\K(V);R) . 

In order to give a precise functorial definition of regulators we again extend these consid- 
erations to diagrams. We consider a diagram of chain complexes 

F G Fun(S,N(Ch)[W^- 1 ]) (8) 

and a diagram 

V G Fun(S, CommMon(N(Cat)[iy- 1 ])) 

of symmetric monoidal categories. For two diagrams of spectra K,L G Fun(S, N(Sp) [W 7-1 ]) 
we let Map(X, L) G N(Sp)[W / ~ 1 ] denote the mapping spectrum between the diagrams. 

Definition 2.3. The commutative group of F -valued regulators for V is defined by 

Reg(V,F) := ^ °Map( J RT(V), H(F)) G CommGroup(N(sSet)[^ 1 ]) . 
Below we also use the term regulator for elements in 7r (Reg(V, F)). 



2.3 Regulators and characteristic cocycles 

In general, because of the oo-categorical nature of the objects involved, it appears to be 
a complicated task to produce regulators explicitly. Fortunately, the notion of a charac- 



teristic cocycle introduced below in Definition 2.4 amounts to a formidable reduction of 
complexity. The main goal of the present subsection is to indicate a general machine to 
produce regulators from characteristic cocycles. 

In our applications V is the symmetric monoidal category of certain vector bundles where 
the symmetric monoidal structure is implemented by the direct sum. Using differential 
geometric methods we construct additive characteristic forms. In this case it turns out 
to be a simple matter to produce characteristic cocyles from these characteristic forms. 
Plugging the resulting characteristic cocycle into the machine described here we get the 
desired regulators. 
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We consider a simplicial set S, a diagram 

V € Fun(S,CommMon(N(Cat)[^ 1 ])) 
of symmetric monoidal categories and a diagram 

F e Fun(S,N(Ch)) 

of chain complexes. Note that we do not invert the quasi-isomorphisms here on purpose. 
We derive from V the diagram of commutative monoids of isomorphism classes of objects 
of V 

7T (iV) G Fun(S,N(CommMon(Set))). 
and from F the diagram of degree- zero cycles 

Z\F) G Fun(S,N(Ab)) . 
Definition 2.4. A characteristic cocycle is a transformation 

io : 7T (zV) -> Z°(F) 
between objects of Fun(S, N(CommMon(Set))) 

We can consider sets as categories with only identity morphisms. Similarly, commutative 
monoids are symmetric monoidal categories. In this sense we have a symmetric monoidal 
functor iV — > tiq{iV) which associates to every object its isomorphism class. We consider 
the composition 

%V ->• Tt (iV) 4 Z°(F) 

of morphisms in Fun(S, CommMon(N(Cat)[H / " 1 ])) to which we apply the algebraic 
if-theory functor. We get a map 

K(V) K -H ] K{Z\F)) . (9) 



We now use the commutativity of the following diagram (see (119)) 

N(Ab) ^CommMon(N(Cat)[^- 1 ]) , 

5° K 

T T 

N(Ch)[W~ 1 ] ^N(Sp)[W r - 1 ] 

where the left vertical arrow maps an abelian group A to the chain complex S°(A) with 
the group A placed in degree zero, and the upper horizontal transformation interprets an 
abelian group as a symmetric monoidal category. This gives an equivalence 

K(Z°(F)) 4 H(S°(Z°(F))) . (10) 

We have a natural map of diagrams of chain complexes 

S°(Z°(F)) ->• F 

which induces 

H(S°(Z°(F))) — )■ H(F) . (11) 
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Definition 2.5. We define the regulator 



r(u) G7r (Reg(V,F)) 
associated to the characteristic cocycle u : ttq{iV) — > Z°(F) to be the composition 

if(V)ffl4ff(f) . 

At first sight, this definition of a regulator might seem naive since it is non-trivial only 
on n (K(V)). Interesting information comes in when one evaluates this regulator on a 
diagram in S. In our applications, for instance, this will be the cosimplicial object of 



standard simplices (see Subsection 4.6) 



3 Beilinson's regulator 

After having set up the general machinery to produce regulators in the previous section 
we now aim for the concrete case of regular, separated schemes of finite type over C 
and then over Z. First we define the relevant target for the regulator map. In view of 
Beilinson's famous conjectures |Bei84, Bei86j the appropriate cohomology is the absolute 
Hodge cohomology of the scheme considered. In order to construct a differential version 
of algebraic K-theory for such schemes we need a complex computing absolute Hodge 
cohomology built out of forms, with a good functorial behaviour. This is accomplished in 



Subsections 3.1 and 4.2 building upon work of Burgos |Bur94] . 



3.1 The absolute Hodge complex DRc 

By a variety over C we will mean a separated scheme such that all connected components 
are of finite type over C. We let Smc denote the site of smooth varieties over C with the 
topology given by Zariski open coverings. We further consider the oo-categeory 

S c := M(S<) . 



Let X be a smooth variety over C. According to Nagata [Nag62 and Hironaka |Hir64] 



there exists an open immersion j : X <—} X into a smooth variety X over C such that each 
connected component of X is proper over C and each connected component of D := X—X 
is a divisor with normal crossings. We call X a good compactification of X. 
The set of C- valued points X(C) has a natural structure as a complex manifold. By 
abuse of notation we will denote it simply by X. It will always be clear from the context 
whether we consider X as an abstract variety or as a complex manifold. Burgos introduces 
in |Bur94j a differential graded algebra A%-{X, log D) of complex valued smooth differential 
forms on X with logarithmic singularities along D. It has a real subcomplex 

A^JXAogD) cAx(X,logD) , 
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whose complexification is Aj^(X,log D), with an increasing weight filtration 

mA Xn (X,logD) (12) 

inducing a weight filtration on A~x(X, log-D) by complexification. Furthermore, the com- 
plex Ax{X, log D) has a decreasing Hodge filtration 

F*A T (X,logD) . (13) 

Let 

l : A-x&iX, \ogD) ® M C ^ Ax(X, logD) 
be the canonical identification. The triple 

{(A Xu (X, log £>), WO, (A X (X, log D), W*, t) (14) 

is a mixed IR-Hodge complex in the sense of |Del74[ 8.1.5] ( |Bur94| Corollary 2.2]). Recall 
that this implies in particular that the cohmology H* (A^ R (X, logD)) carries a mixed 
IR-Hodge structure as recalled below. 

A construction of these objects will be explained in a more general situation in Subsection 



4.2 below. In order to get the complexes above from this general case one must specialize 



the manifold part to be a point. 

We will use the fact that the embeddings 

A x (X,logD)^A(X) and A X ^(X, log D) -+ A R (X) (15) 

are quasi-isomorphisms by |Bur94l Theorem 2.1] together with |Del7H 3.1.8]. So the 
cohomology H n (X;R) carries a mixed IR-Hodge structure as follows |Del71l 3.2.5]: The 
weight filtration is induced via (15) by the filtration (12) (shifted by n): 

W k H n (X;R) := im (H n (W k - n A XjR (X,logD)) H n (A XjR (X,logD))) , 

and the Hodge filtration on the complexification H n (X; R) ® R C = H n (X; C) is induced 
via gjj) by (JT3J) . 

Recall that the decalage of the weight filtration ( 12 ) is given by 
W k A^ M (X,logD) := {co E W k . n A^ R (X, log D)\du G W^^A^X , logD)} . (16) 

It also induces the weight filtration on H*(X, R) (see |Del711 1.3.4]), and by |Del711 3.2.10] 
the associated spectral sequence degenerates at E 1 . In particular, we have 

W k H*(X,R) ^ H*(W k A XR (X, log D)). (17) 



The same reasoning applies to the cohomology of any mixed IR-Hodge complex (see |Del74 
8.1.9]). 

In the following we get rid of the choice of the good compactification and define a presheaf 
of mixed IR-Hodge complexes on the site Sm^. For a smooth variety X the category I x 
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of good compactifications of X with respect to maps under X is cofiltered and essentially 
small. For a morphism 

X 



X *X 

in Ix we have an inclusion 

A r (X,log(x'\X)) C Ax(X,log(X\X)) (18) 
which is compatible with the real subcomplex and the weight and Hodge nitrations. By 



|Del71t Thm. 3.2.5] and (17) it is in fact a bifiltered quasi-isomorphism with respect to 



W and J- '. Hence we get functors 

I° x p ^Ch, (X^X)^A Y (X,\og(X\X)) (19) 

and subfunctors corresponding to the real subcomplex and the weight and Hodge nitra- 
tions. 

Definition 3.1. We define the presheaf of chain complexes 

Ai og G PSh C h(Sm c ) 

by _ 

X ^ A log (X) := colim^ log(X \ X)) . 

Furthermore, we define 

Ai og>R , W*A logM , mA log , T*A log G PShch(Sm c ) 
in a similar manner. 

Using the exactness of a filtered colimit it is clear that for any X G Smc the triple 

((A log , R (x),w,),(A log (x),w„^),o 

is a mixed IR-Hodge complex computing the mixed IR-Hodge structure on H*(X;M.) de- 
scribed above which moreover depends in a functorial way on X. 



The presheaves of Definition 3.1| can be seen as objects of the oo-category Fun(Sc, N(Ch)) 
or also as objects of Fun(Sc, N(Ch)[VT -1 ]). We claim that they are in fact sheaves when 
considered as objects in the latter, i.e. that they satisfy Zariski descent (see Definition 



A.l). 



Lemma 3.2. We have 

^log > -"-logjR > 



^io g ,Ao 6>R ,VVkA og ,FnWA g e Fun desc (S c ,N(Ch)[H/- 1 ]) 
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Proof. The functors A and /1 R satisfy descent in the analytic, and hence in the Zariski 



topology. Because of the quasi-isomorphisms (15) the inclusions 



A log (X) -> A{X) , A logjR (X) A R (X) 



(20) 



are quasi-isomorphisms for all X 6 Smc- Hence, the subfunctors v4i og and v4i ogjR satisfy 

Zariski descent, too. 

Next we handle VV k . We let 

tot:cClwCh (21) 

be the total complex functor from cosimplicial chain complexes to chain complexes. Let 
U, be the Cech nerve of a Zariski cover U — > X. We have to show that the map 

W k A log ^(X) tot (WkA^llS) (22) 
is a quasi-isomorphism. Now 

{(A M {U.),W,),{A ]os (U m ),W.,J : *),L) 

is a cosimplicial mixed IR-Hodge complex. Deligne has shown |Del74t 8.1.15] that the 
associated total complex totAy og ^(U 9 ) inherits the structure of a mixed IR-Hodge complex 
whose weight and Hodge nitrations W* and J 7 * are given by 

W k (totA logM (U.)) := 0>V fc+P 4g,i(^) and J rp (totA log (f/.)) := tot(F p A log (U.)), 



respectively. Hence the cohomology H*(totAi og ^(U.)) carries a mixed IR-Hodge structure 



and by (17) and the remark following it the horizontal maps in the diagram 



H* (m (totA logiR (*7.)) 



W k H* (totA log>K (C/.)) 



(23) 



mn* (A logM (x)) 



H* (W k A logM (X) 



are isomorphisms. 

It is easy to see that the decalage of the weight filtration satisfies 



W k (totAio giR (£/.)) = tot W fe A logjR (?7. 



Hence, in order to prove that (22) is a quasi-isomorphism it suffices to check that the 
right vertical map in (23) is an isomorphism. But H* (Ai ogt M.(X)) — >• if*(totAi ogiR ({7,)) 



is a morphism of mixed -R-Hodge structures, hence strict with respect to both nitrations 
|Del7H 1.2.10], and an isomorphism by Zariski descent for A log R . 



The main non- formal input for this argument was (17), which is a consequence of the fact 



that the spectral sequence associated to W* degenerates at E\. Since this holds true for 
•F*Ai og and the induced filtration W k n J r *^i og we can argue similarly for the remaining 
cases. □ 
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Definition 3.3. For p G Z we define the absolute Hodge complex twisted by p as 



DR c (p) := Cone ((2«) p W 2p A logjK © W 2p n J^A log -> W 2p A log ) [2p — 1] G PSh Ch (Sm c ) 
where the map defining the cone is given by (lu,T)) h- )■ w — 77. Furthermore, we set 

DR C := JjDR c (p) 

p>0 



we 



We refer to |A.11| for the conventions concerning the cone. Note that by Lemma 
can consider 

DRc,DRc(p) G Fun desc (S c ,N(Ch)[H/- 1 ]) . (24) 

The cohomology of DR(p)(X) is, up to a shift, the absolute Hodge cohomology of X as 
defined by Beilinson in |BeI86j: 

H k (VR c (p)(X)) = H£*UX,R(p)). (25) 



3.2 Arithmetic sites and the absolute Hodge complex DR 



z 



In Subsection 3.1 we described the absolute Hodge complex DRc(X) of a smooth complex 
algebraic variety X. In the present subsection we extend this construction to regular and 
separated schemes of finite type X over Spec(Z). The basic idea is to apply DR C to the 
complexification X <S> C := Spec(C) x Sp6C ( Z ) X, which is a smooth variety over C, and to 
take the action of complex conjugation into account. 

We let Reg z be the site of regular separated schemes of finite type over Spec(Z) with the 
topology given by Zariski open coverings. We further introduce the oo-category 



op \ 



S z := N(Re g : 

The group Gal(C/R) = Z/2Z acts by complex conjugation on the site Sm c so that the 
complex conjugate of the complex manifold X is the complex manifold X. Here X has 
the same underlying smooth manifold as X but the opposite complex structure. If X is 
complex algebraic, then so is X. 
The base-change functor 

B : Reg z -»■ Sm c , B(X) := X <g> C 

is compatible with the topologies and Z/2Z-invariant in the sense that there exists a 
natural isomorphism 

u x : B{X) ^ BjX) (26) 
given again by complex conjugation. 

An equivariant structure on a presheaf F G PSh(Smc) is given by a natural isomorphism 
cx '■ F(X) — > F(X) for all X G Smc such that c x cx = id. For example, the sheaf 
of complex differential forms A is equivariant by c x '■ A(X) ^> A(X), cx(w) := Q. This 
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action clearly preserves the real subspace A&(X), restricts to cx '■ A\ og ^(X) — > A logjK (X) 

and preserves the weight and Hodge nitrations. Hence it induces an equivariant structure 

on the absolute Hodge complexes DRc(p) and their product DRc. 

If a presheaf F G PSh(Smc) is equivariant, then the pull-back B*F G PSh(Reg z ) has 

a natural Z/2Z-action given by lo h- u* x cb(x){u) for uj G F(B(X)). 

If U is a set with an action of a group G, then we let U G denote the subset of fixed points. 

In the case of presheaves of sets with G-action we take the invariants objectwise. 

Definition 3.4. We define the arithmetic versions of the absolute Hodge complex by 

DRz(p) := (B*DRc(p)) z / 2Z g PSh Ch (Reg z ) 

and 

DRz := (B*-DR c f /2Z e PSh Ch (Reg z ) . 

Note that DR Z = n p >o DRz(p). Furthermore, since these presheaves are in fact presheaves 
of complexes of M- vector spaces the operation of taking invariants under Z/2Z preserves 



descent. It follows from (24) that the arithmetic versions of the absolute Hodge complexes 



have the descent property, too: 

DR z (p), DR Z G Fun desc (S z ,N(Ch)[W- 1 ]) . 

3.3 if-theory 

In this subsection we discuss the definition of algebraic i^-theory in the complex and the 
arithmetic case. 

Definition 3.5. We define the sheaves 

K c G Fun desc (S c ,N(Sp)[H/- 1 ]) , K z G FW esc (S z , N(Sp)[H/- 1 ]) 



by specializing in the definitions o/Km/,c an d Km/,i given in along the canonical 
maps Sc — » Sm/,c o,nd S% —> Sm/,z, respectively. 

In the following we explain why this definition reproduces the standard version of algebraic 
.ff -theory, i.e., Quillen's K |Qui73 or Thomason's K B |TT90[ 6.4]. In order to be specific 



we consider the arithmetic case. We can write 

K z = L(K(rVect z )) , (27) 

where 

zVect z G Fun desc (S z ,CommMon(N(Cat)[H / " 1 ])) 
is obtained from iVectM/,z again by specializing along Si — > Sm/,z, K ist the i^-theory 



functor from 2.1 and L is the sheafification functor (122). 

We consider the subcategory of regular affine schemes Reg^ C Reg z and the corre- 
sponding inclusion of nerves C Sz- If Spec(i?) G Regg^, then iVectz(Spec(i?)) is 
equivalent to the symmetric monoidal groupoid of finitely generated projective -R-modules 
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iP{R) (with respect to the direct sum). It is well-known, that the usual ^-theory spec- 
trum of the ring R can be defined in terms of group completion as K(V(R)) (see e.g. 
[Wen IV.4.8, IV.4.11.1]). It follows that the functor 

tf(iVectz), s a// G Fun(S^ // ,N(Sp)[^- 1 ]) 

associates to each object Spec(i?) G the usual ^-theory spectrum. It is further 
known that K (iVect z )| g a// satisfies Zariski descent (see below). The latter property 

allows to drop the sheafification in the definition (27) of K z restricted to and we 
have an equivalence 



(K z ) |sa// ^X(iVect z ) |s?// G Fun desc (S^ // ,N(Sp)[^- 1 ]) . 

If X G Reg z is not affine, an exact sequence of vector bundles on X does not split in 
general. Because of this the .ff -theory of X is usually not defined by group completion, 
but by applying a different i^-theory machine to the exact category of vector bundles. 
This construction leads to a functor 

K^GFun(S z ,N(Sp)[iy- 1 ]) 

which we consider as the standard definition of algebraic if-theory. Since the schemes in 
Reg z are separated, noetherian, and regular, the i^-theory of vector bundles coincides 
with Thomason's i^ B -theory which satisfies Zariski descent |TT90| 7.6, 8.4]. We conclude 
that 

K' z GPun desc (S z ,N(Sp)[W- 1 ]) . 

Since every scheme X G Reg z admits a Zariski covering by affines we conclude that the 
restriction 

Fun desc (S z , C) ->• Fun^S^, C) 
is an equivalence for every presentable target category C. In particular, since 

(K Z ) |g a// = (K' z ) |s a// , 

we conclude that = K z . 
3.4 Regulators 

We start with the definition of the regulators in the complex and the arithmetic cases. 
Definition 3.6. We define the complex and arithmetic versions of the Beilinson regulator 

4 eil : K c H(DHc) , r| eil : K z -> ff(DR z ) 



by specializing the regulators defined in \4-20\ and 4- 22 along Sc — » Sjvr/,c cmd S z — > Sm/,z, 
respectively. 
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The main goal of the the present subsection is to give an argument why the regulators 



introduced in Definition |3.6| coincide with the usual ones, introduced originally by Beilin- 
son [BeI84, BcI86j. This justifies in particular the formulation of Beilinson's conjectures 
in the following subsection. The remaining part of this subsection may be skipped on first 
reading. 

We consider the complex case. We let iVect^ be the symmetric monoidal stack on Sm^ 
of bundles obtained from iVectM/,c introduced in Definition 4.14 by restriction along 



Sc — > Sm/,c- We abbreviate its nerve by 

M : = N(iVect c ) G Fun desc (S c , CommMon(N(sSet) [If" 1 ])) . 
We further consider the sheaf of chain complexes 

DR C G Fun desc (S c ,N(Ch)[iy- 1 ]) 



(see Definition 3.3) 



Definition 3.7. We define the primitive part of the cohomology of M with coefficients in 
the sheaf of chain complexes DRc(p) by 

Prim(M,DR c (p)) := 7r (Map(M, Q°° H (DR c (p))) , 

where Map(X, Y) G CommGroup(N(sSet)[VT -1 ]) denotes the structured mapping object 
for X G CommMon(N(sSet)[H / - 1 ]) and Y G CommGroup(N(sSet)[lV- 1 ]). 

The algebraic ^-theory sheaf K c G Fun^Sc, N(Sp)^- 1 ]) given in Definitions 3.5 and 



4.15| can be presented as 

K c = £(sp(fiB(M))) . 

We have equivalences 

n°°Map(Kc,ff(DRc(p))) = Map(^(M),Q°°g(DRc(p))) = Map(M,n°°.ff(DRc(p))) • 

(28) 

In view of (28) the p-component of the regulator r® ei1 G 7r (r2 oo Map(K c , _ff(DR c ))) is 



characterized uniquely by the corresponding primitive cohomology class which we will 
denote by c w ( p ) G Prim(M, DRc(p)). 

The goal of comparison of r^ ei1 with the usual definitions is achieved by a calculation 
of Prim(M, DRc(p)) in terms of the absolute Hodge cohomology of the simplicial vari- 
eties BGL,(n) (see below) and the identification of c^m with the 2p-component of the 
Chern character class. Due to Deligne's computations, the absolute Hodge cohomology 
of BGL,{n) is well understood. 
The stack zVectc has an atlas 

N — > zVectc 

which represents the vector bundle |_lneN ^™ ~~ ^ ne a ^ as gives rise to a groupoid 

GL := I |J GL(n) =3 N 

VneNo 
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in Smc- We let BGL, := N(GL) G (Smc) A ° P be its nerve. It is the disjoint union of 
simplicial varieties LL eNo BGL,{n). In particular, we can consider its absolute Hodge 
cohomology 

H\BR c (p)(BGL.)) = H 2 Z dgc (BGL.Mp)) = U H 2 u l dgc (BGL.(n)Mp))- 

nGNo 

Proposition 3.8. The primitive cohomology Prim(M, DR c (p)) is naturally isomorphic 
to the one -dimensional real subspace 

K- (s p ,a,s P!l ,s p , 2 ,...) C J] Hl P odgc (BGL.(n),R(p)) 

riGN 

spanned by the degree 2p component of the universal Chern character class in absolute 
Hodge cohomology (see the proof for notation). Under this isomorphism c u m corresponds 
to the universal Chern character class. 

This implies in particular that on the level of homotopy groups r^ ei1 and similarly r| ei1 
induce Beilinson's regulator introduced originally in [Bei8 4 ; 2.3]. 

Proof. Let 

Y : (Sm c ) A ° P -)■ Sh sSet (Sm c ) 

be the Yoneda embedding, k : Sh sSe t(Sm c ) — > Fun(Sc, N(sSet)[W _1 ]) the canonical 
map, and 

L : Fun(S c ,N(sSet)[H/~ 1 ]) Fun desc (S c , N(sSet)[H/- 1 ]) 



the sheafification functor (122). Then we have an equivalence 

L(k(Y(BGL.))) = M 

in Fun desc (S, N(sSet)[H^ _1 ]). Since Q°° H (DR c {p)) satisfies descent this induces an equiv- 
alence of mapping spaces between objects of Fun(Sc, N(sSet)[iy -1 ]) 

map(M, n°°H (DR c (p))) S map(/t(F(fiGL.)), n°°H(DR c (p))). (29) 



In the appendix (Subsection A. 6 ) we prove the technical fact that for every k > we have 
a natural isomorphism 

n k (map(/c(y(BGL.)), ft°°#(DR c (p)))) = R- k (totDR c (p) (BGL,)) . (30) 



By construction and (25) the right hand side is the absolute Hodge cohomology of the 



simplicial variety BGL m : 

H- k (totDRc(p)(BGL.)) = \{ H 2 Z d * c (BGL.(n),R(p))- (31) 



net 
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According to Deligne |Del74t 9.1.1] we have H 2k+1 (BGL,(n), R) = and the real Hodge 
structure on H 2k (BGL,(n),M.) is pure of type (k, k), i.e. the weight filtration has a single 
step at 2k and the Hodge filtration a single step at k. Using this and the definition of 
DR c (p) as a cone one sees that 

H^ odge (BGL.(n),Rip)) S H k (BGL.(n),R(p)) , 0<p<^ ,k even, (32) 
and all other absolute Hodge cohomology groups of BGL,(n) vanish. In particular, com- 

(33) 



binig ([29]), (|30j), and (|31j) we get 

7r (map(M, fi°°if(DR c (p)))) ^ H 2p (BGL.(n),R(p)) 



net 



It is known that the cohomology of BGL,(n) is a polynomial ring 

H 2 *(BGL.(n), R(*)) = R[s 1)fl , . . . , s„, n ] 

where ^|S p ,n G H 2p (BGL,(n),R(p)) is the component of the Chern character in degree 2p. 
Moreover, for the map \x : BGL,(n) x BGL,(m) — > BGL,(n + m) induced by the direct 
sum, we have 

1^ \Sk,n+m) — P^S^n T P^Sfe^. 

This, together with the fact that the space of primitive elements intersects trivially with 
the space of decomposable elements and an easy computation imply, that the subgroup of 
primitives H°(tot~D~R,c(p)(BGL,)) prm , defined in (120), is the one-dimensional M-vector 
space spanned by the class 

Sp ■ \^p,lj ^p,2i ■ ■ • ) ; 

where we denote the preimage of s Ptn in H°(tot~D~R,c(p)(BGL 9 (n)) under the isomor- 
phisms (31) and ((32|) by the same symbol. 



We have an injection (cf. (121)) 



Prim(M,DR c (p)) H°(totBR c (p)(BGL.)) 



prim 



(34) 



4.4 



It follows from the construction of oo(p) in Subsection 

Prim(M, DRc(p)) corresponding to the p-component of r" ei1 goes to the class ^s p under 



below that the element c w ( p ) G 

5eil „„„„ +U„ 1 



the map (34). This shows surjectivity of (34) and finishes the proof of the proposition. □ 



3.5 Beilinson's conjectures 

In this Subsection we describe the conjectural picture of kernel and cokernel of the reg- 
ulator map r| ei1 as given by the conjectures of Beilinson and Parshin |Bei84l IBei86l §8]. 
We fix a scheme X G Reg z , proper and flat over Spec(Z), which has potentially good 
reduction at every prime. For example, X could be smooth and proper over the ring of 
integers in some number field. 
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Then we have homomorphisms 

r| eil : 7r 4 (K z (X)) -> iJ- i (DR z (X)) 

for all i > 0. 

Conjecture 3.9. 1. Fori > 2 the regulator induces an isomorphism 

Tr^Kzpf)) © E ^> r ! (DR z (X)) . (35) 



2. For i = 1 (35) is expected to be injective. Let N p (Xq) be the group of codimension 
p-cycles in the generic fibre Xq modulo homological equivalence and N(Xq) : = 
Y[ p >o-N p (Xq). Then the cycle map in de Rham cohomology 

N*>(X Q ) ^ EP>{B{X);tr B{X) ) = H^(m p A los (B(X))) 

together with the natural map H 2p (yV 2 pA\ og (B(X))) — > H~ 1 (D~Rz(p+l)(X)) coming 
from the definition of~D~R,z(p) as a cone induce an injection 

z p : N p (X Q ) H- 1 (DR z (p+ 1)(X)) . 

We let z := ri p >o^ P - ^ ^ s expected that 

r| eil © z : m{K z (X)) © R © N(X Q ) © R ->• iT^DRzpO) 
zs an isomorphism. 

3. For i = we have 

#°(DR z (p)(X)) S (i/ 2p (X© z C;M(j9))n^ 2p (X© z C;C)) Z/2Z . 

Hence iJ°(DRz(X)) £/ie group of real Hodge classes on X ©^ C. ^4s i/ie example 
of number rings shows the map tt (K.z(X)) © K — >■ iJ°(DR2(X)) can 6e /ar /rom 
freing surjective. 

At the moment, these conjectures are far out of reach. Essentially, the only known case is 
that of the ring of integers in a number field where they are due to Borel. Also, one can 
weaken the assumptions on X but then the statement of the conjectures becomes more 
complicated. 



3.6 The relative Chern character 

An alternative approach to regulators goes back to Karoubi |Kar831 IKar87j using his rel- 
ative Chern character (see below). This was further studied and generalized in |Taml2j . 
Roughly, the idea is as follows: We consider a complex algebraic variety X. Then we 
have its algebraic iT-theory Kc(X), the topological f^-theory of its associated complex 
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manifold K* op (X), and a natural comparison map c : K.q(X) — > K. top (X). If we compose 
the usual Chern character ch from topological i^-theory to singular or de Rham coho- 
mology with c, the resulting map on algebraic X-theory contains only trivial information. 
Instead, we define the relative .ff -theory K. rel (X) as the homotopy fibre of the map c. The 
relative Chern character ch rel is defined on the relative i^-theory and maps 7Tj(K re '(X)) 
to Y[p H 2p ~' i ~ 1 (X] C)/J rp , the de Rham cohomology divided by the Hodge filtration. This 
map now carries interesting secondary information. 

We have a natural map from H 2p ~ l ~ l (X;C)/J-' p to weak absolute Hodge cohomology 
H 2p ~ l (D(p)(X)), where the complex D(jo) is defined similar as the absolute Hodge com- 



plex DRc(p) but discarding the weight filtration (see (38)). The analog of Beilinson's 
regulator for complex algebraic varieties may be viewed as a map r c e ^ p : 7Tj(K c (X)) — > 
H 2p 



(D(p)(X)) (see (39)) 



Theorem 3.10 ( |Taml2l Thm. 3.9]). For all p > the diagram 



7r t (K rel (X)) 



■ H 2p - l -\X-C) / F p H 2p - l -\X-C) 



_Beil 

C,D,p 



H 2p - i (D(p)(X)) 



commutes. 



We will now give the details of the constructions and a proof of this theorem using the 
techniques developed in the present paper. The following constructions are similar to 



those exposed in more detail in Subsections 4.4 4.5 and it might be easier for the reader 



to skip ahead to Section [4] and to go through the rest of this subsection afterwards. 
We begin by describing the oo-categorical version of topological K-theory. We denote by 
Mfc the category of complex manifolds considered as a site with the classical topology 
and let S* op := N(Mf^ p ) be its nerve considered as an oo-category. We consider the stack 
iVect top on Mfc which associates to X e Mfc the symmetric monoidal groupoid of 
smooth vector bundles on X. We consider 

iVect' op G Fun(S top ,CommMon(N(Cat)[H/" 1 ])) . 

This stack does not model topological i^-theory since it does not take the topology of the 
morphism spaces into account. We can remedy this fact by an application of the functor s 



defined in (124). We define (cf. Definition 2.2) the sheaf of topological ^-theory spectra 
K top := s(L(iT(zVect top ))) G Fun desc (S top , N(Sp)[H/" 1 ]) , (36) 
where again L denotes the sheafification functor ( |122 ). Note that, equivalently, 

K top = L o sp o QB o s(N(zVect top )) . 
Then 7ii(K top (X)) = ku _i (X) is the connective topological K-theoiy of X. 
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Next, we construct the aforementioned comparison map c. Let h: Sq — > S top be the 
map given by sending a smooth complex variety to its associated complex manifold. It 
is compatible with the topologies. We have a natural transformation u : iVectc — > 
h*iVect top which maps a vector bundle to its underlying smooth complex vector bundle. 
The comparison map is now defined by 



c : K c = L(AT(iVect c ))4 h*L(K(iVect top )) ^> h*s(L(K(iVect t(yp )j) =h*K top . 
We define the relative .fT-theory K. rel by taking its fibre: 

K rel K c 4/i*K top . 

The relative Chern character will be induced by compatible regulator maps on Kc and 
h*~K top . We now describe the relevant choice of geometries and characteristic cocycles. 
A geometric smooth bundle is a pair (V, g) of a smooth bundle V together with a ge- 
ometry g = (h v , V y ) consisting of a hermitean metric h v and a connection V v . We let 
iVect top,9eom be the symmetric monoidal stack of geometric bundles. Similar as in Lemma 



4.16 the forgetful transformation induces an equivalence 

s(N(iVect top ' 9eom )) ^ s(N(2Vect top )) . 



(37) 



We define the sheaf of complexes 



A:=l[A[2p] 

p>0 



on Mfc where A is the usual de Rham complex of smooth C-valued forms. We further 
define the characteristic Z°(A)-valued cocycle 



10 



top . 



7To(iVect 



top,geora s 



->• Z°(A) 



which associates to (V, (h v ,V v )) G iVect top ' 9eom (X) the form 

' top (V,(h v ,V v )) :=l[ch 2p (V v ) 



p>0 



see Subsection 4.4 for the definition of ch 



2p) 



Similarly to the construction of Beilinson's regulator in Definition 4.20 we define the usual 
Chern character 

ch : K top ->■ H(A) 



through the diagram 



s(A^Vect™ p )) 

([36) 

Y 

J£top 



s(K(zVect* c op ' 9eom )) ~ sK{ujtop \ s(H(A)) 



ch 



Lemma IA.3I 
'1(A). 
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We can also consider its real variant by replacing A with the complex of real valued 
differential forms 

A R := l[(2m) p A R [2p] 
and using the characteristic A^-valued cocycle oo^ p : (V, (h v , V v )) !->■ Yl P >o c h2 P (V y ' u ) 



(cf. (50)) 



We now come to the construction of the regulator on the algebraic i^-theory. Geometries 
on algebraic vector bundles are defined in such a way that the corresponding Chern 
character forms live in the appropriate step of the Hodge filtration. We thus consider the 
complex of presheaves on Smc 

^°A log : = H^ p A log [2p] . 

p>o 

There is a natural map J-"°Ai og — > h*A which gives rise to a fibre sequence 

Cone^Ajog -> h*A)[-l] -> ^Ai og -> h* A . 

From a good geometry g v = (h v , V 77 ) (s 
V y = V 77 + V 7 + d on the underlying smooth bundle. 
The characteristic form 



4.3) we obtain a geometry (h , V ) with 



Mg v ) =l[ch 2p (v 

p>0 



defines a characteristic cocycle 



u T : 7r (2Vect^ om ) -> Z°(J^°A 



log J 



and again similar to the construction in Definition |4.20| a regulator map 

ch^ : K c -> #(-F A lo g) . 
Clearly, the diagram of characteristic cocycles 

7r (*Vectr m ) ^°(^°A log ) 



/2*7r (Vect^' 9eom ) 



top 



h*Z°(A) 



commutes. We thus get the commutativity of the lower square in the following diagram 
and define the relative Chern character ch rel to be the map induced on fibres: 



K 



rel ch r 



iJ(Cone(J^ A log -> h*A)[-l\) 



Chjr 



H(F°A 



log J 



h*K top 



ch 



H(h*A). 
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Note that we have natural isomorphisms 



7T,; 



(F(Cone(JF°A log -)• /i*A)[-l])(X)) ]^i^- 1 - i (X;C)/J*#^ 1 - i (A';C). 

p>0 



This finishes the construction of the relative Chern character. 

In order to compare it with the Beilinson regulator we introduce the Deligne-Beilinson 
or weak absolute Hodge complex 



D(p) := Cone ({2ni) p A R © F p A log A) [2p - 1] G PSh Ch (Sm c 



(3f 



and D := rip>o D(p)- Note that we have a natural map DRc — > D by simply forgetting 
the weight filtration and the logarithmic growth condition at the appropriate places. 
Upon restriction along Sc — > &Mf,c an d composition with the map DRc — > D the 



characteristic DR C - valued cocycle u defined in (59 ) gives a D- valued characteristic cocycle 
which we denote by c^d- The induced regulator 



r*£ : K c H(D) 



(39) 



is Beilinson's regulator for complex algebraic varieties. It follows from the constructions 
that the composition of wd with Z°(D) —> Z°(J r0 A\ og ) coincides with cojr and moreover 
that the square 

7r (zVec4 eom ) Z°(D) 



top 

/i*7r (iVect to ^ eom ) J*_*. Z°(/i*A R ) 
commutes. 

We now use the fact that the fibre of the map D — > /i*A R is naturally equivalent to 
Cone(J r0 Ai og — > h*A)[— 1], and hence that r c e ^ also induces a map 



K rel -> /f(Cone(J r0 Ai og ->• h*A)[-l]). 
More precisely, we have the following commutative diagram 

Cone(D ->■ h* A R ) [-1] > D > /i*Aif 



(40) 



induced ~ 

Cone(D -» Cone(- ■ ■ ))[-l] 

induced ~ 

Cone(J r0 A ]og -> /i*A)[-l] ■ 



D 



Cone(/i*A R © /i*A -> h*A)[-l] 



■F°A 



log 



/i*A. 



(41) 

Here the map from D to the cone in the right column is induced by J-"°Ai og — > h*A, the 
maps in the right column are the obvious projections, and the maps in the left column 
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are the induced ones. The lower left vertical arrow is an equivalence since the lower right 
square is a pullback square. 



We claim that (|40|) coincides with ch rel constructed above. The assertion of Theorem 



3.10 



then follows by taking homotopy groups. To prove the claim, we introduce the auxiliary 
characteristic cocycle 

^cone : 7r (zVect to ^ eom ) -> Z° (Cone(A K © A ->• A)[-l]) 



which sends (V, (h v , V y )) to ]l p >o(ch 2p (V v '' u )©ch 2p (V y ), ch 2p -i(V v '", V y )) (see Subsec- 



tion 



follows 



4.4 



for the definition of the transgression ch and compare with ( 53 ) ) . The claim then 



rom the compatibility of characteristic cocycles defined on 7To(iVect^. eom ) respec- 
tively h*ir (iVect top,9eom ) with values in the groups of 0-cocycles in the middle respectively 



right column of diagram (41) summarized schematically in the diagram 



-CO 



top 



' ^Con 



■ to 



top 



This compatibility in turn follows directly from the constructions. 



□ 



Remark 3.11. Whereas with this construction of the relative Chern character the re- 
lation to Beilinson's regulator follows quite easily, it is not a priori clear that this new 
construction really extends Karoubi's original one. This is done in I Tarn 12$ and used 
there to establish also the comparison with Borel's regulator in the number field case. 



4 Smooth manifolds 

In this Section we provide the necessary geometric background for the constructions of 
Section [3] in the more general setting where we consider products M x X of an arbitrary 
smooth manifold M and an algebraic variety (or regular, separated scheme of finite type 



over Z) X. In 4.2 we extend the definition of Burgos' complex |Bur94] to this situation 



and use it to define the absolute Hodge complex DR M j(M x X). In 4.3 we introduce the 
notion of a good geometry and the characteristic form associated with a good geometry 
in the absolute Hodge complex. This Subsection also contains the proof of the important 
fact that the space of good geometries is contractible. Using the extension of Beilinson's 
regulator map to the case M x X we define in Section [5] the differential algebraic X-theory 
spectrum, study its homotopy groups, and construct the geometric cycle map. 
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4.1 The sites 



We consider the category Mf of smooth manifolds as a site equipped with the topology 
of open coverings. The nerve of its opposite is the oo-category Sm/ : = N(Mf op ). 



We let Smc denote the site of smooth varieties over C (see 3.1 ) and Zariski open coverings 
and set Sc := N(Sm^). 

Finally, we let Reg z be the site of regular separated schemes of finite type over Spec(Z) 
(see 3.2) with the topology of Zariski open coverings and write := N(Reg^ p ). 
We consider the product sites 

Mf x Sm c , Mf x Reg z 

and write 

for the corresponding oo-categories. We write objects of these product sites in the form 
M x X, where M e Mf and X is the algebraic object. We have canonical topology 
preserving functors 

e :Sc — > Sm/,c ? — > Sm/,z (42) 
both induced by X i— > * x X, where * is the point considered as a manifold. 

4.2 The sheaves DRm/,c an d DRm/,z 

We start with the construction of the analogue 

A log G Fun desc ' const (S M /,c,N(Ch)[^- 1 ]) 



of the bifiltered complex introduced in Definition 3.1 The meaning of the constancy 



condition is explained in Subsection A. 9 For a smooth manifold iV we let ^(A^)^ C A(N) 



denote the smooth de Rham complex and its subcomplex of real forms. Let M be a 



manifold and X a smooth variety over C (cf. Subsection 3.1). Then we fix some good 



compactification X <-+ X and write D := X — X. We consider X and X as complex 
manifolds and define the real dg-algebra 

A M xx,n( M x X > lo 8 D ) ^ A (M x X) R 
to be the sub-A(M x X) R -algebra which is locally generated by 1 and 

log(ziZi), Re — Im — -, for i e I . (43) 

Here the Zi, i £ I, are local coordinates of X (for the analytic topology) which define D 
locally by the equation Yli j %i = 0. 
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The following example should clarify the meaning of the notion locally generated. We 
consider X := CP 1 \ {p} with local coordinate z at p and M — R. We let (x n )nez be a 
partition of unity on K such that supp(x„) C [n — 2, n + 2] for all fiGZ. Then 

5>g(|z|)N Xfl G A RxCpl (R x X,log{p}) . (44) 

riGZ 

We are going to introduce several nitrations on A Mx ^ R (M x X, log-D). The naive weight 
filtration W is the multiplicative increasing filtration of v4(M x X) R -modules obtained by 



assigning weight to the section 1 and weight 1 to the sections listed in (43). 

We define a decreasing filtration £ of ^4 Mx ^ R (M x X, log-D) such that £ p A Mx ^ R (M x 

X, log.D) is the subcomplex of differential forms that are given locally by 

^i^k dx 1 A Re dz J A Im dz K , 

I,J,K,\I\>p 

where the x« are local coordinates for M, the Zj local coordinates for X, and ooi,j,k local 
smooth functions on M x X. 

We now define the weight filtration W as the diagonal filtration of W and L: 

W k A Mx%R (M x X,logD>) := ]T W k+P n Z7A MxX;R (M x X,\ogD). 

p 



As usual, its decalage (cf. (16)) will be denoted by W*A Mx ^ R (M x X, logD). 



We further define the complex dg-algebra 

A MxJ[ (M x X, logD) := A Mx ^ R {M x X, logD>) ® R C 

with the induced weight filtration. This complex carries the decreasing Hodge filtration 
T such that the elements of A Mx -^{M x XAogD) are locally of the form 



K 



^i,j,k dx 1 A dz J A 

7,J,K,|J|>p 

where the Xj, 2j are local coordinates of M and X, respectively. 

In the special case that M = * the complex A^ x ^ R (* x X, log .D) is exactly the complex of 



global sections of Burgos' sheaf of complexes with its nitrations |Bur94| Section 2], (14). 
Fix X ^ X as above. Then the functors 

M^A MxXtL {Mx XAogD) , 

M H- W fc A MxX)R (M x X, log £>) 

M^A MxX (MxX,logD) 

M h- > VVfe Pi ^M MxZ (M x X, log£>) 

will be considered as objects of PShch(Mf). They are sub-presheaves of the presheaf 
M H> A(M x X). 
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Lemma 4.1. The presheaves of complexes (45) satisfy descent and are constant in the 



sense of Definition] A. 4\ i.e. they belong to Fun aesc ' cons '(SA//, N(Ch)[W / - 1 ]). 



Proof. In order to verify descent we show below that the presheaves of complexes (45) are 



degree-wise sheaves of modules over the sheaf G ShAi g (R)(Mf) of algebras of smooth 
real-valued functions. Since the augmented Cech complex of a sheaf of C|°-modules with 
respect to any open covering is exact it follows that they belong to Fun desc (SA//, N(Ch)[iy -1 ]). 
We discuss the case of V14A.. x xr(' • • X X, logD). The other cases are similar. 
As a preparation note that for an n-form u G Wk- n we have u G V\4 if and only if 
d x u G V\4_ n _i, where d x is the differential in X-direction. Indeed, we may assume that 
u G Wk-n+p n CP for some p. Then du = d M u ± d uj and 



d M u g w k . n+p n c p+1 c w fe _ n _! 



Now we assume that 



w e W^ n MxIiS (M x X,\ogD) , / G C°°(M,R) . 
Then obviously /cu G Wfc_ n and d x (fu) = fd x u G Wfe_ n _i, hence 



In order to show that the sheaves of complexes (45) are constant we verify homotopy 



invariance and use Lemma A.5 The verification of homotopy invariance is standard once 
we know that the integration 



J: A*{I x M x X) -> A*~ X {M x X) 



preserves the subcomplexes (45). 



First note that J 7 preserves the subcomplex of forms with logarithmic singularities along 
D. For the nitrations we only discuss the case >VfcA.. x x k(' ' ' x XAogD). Take 



fc ixMxX,! 



,(/ x M x X,logL>) . 



We may again assume that u G Wk- n + P H £ p for some p. Then 



and fj 



fj d x oj G Wk-n since <i x ci; G Wk- n -i- This shows that 



□ 
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Now assume that we have two good compactifications X and X of X and a morphism 
X X inducing the identity on X. Then the induced maps 

A M xxd M x X ^Z D ) \ixl', R ( M x ^logD') , 
W fe A MxX)R (M x X,lo gj D) -> W fc A Mxr R (M x X,log£0 , 
F>A Mx x(M x X,lo gj D) -> ^A Mx ^(M x X,lo gj D') , 
W fc n J*A Mx x(M x X, log£>) -> W k n ^M Mx ^(M x X, log//) 

are quasi-isomorphisms. Indeed, descent and constancy in M reduce the claim to the case 
M = * and there the claim follows from Hodge theory (cf. the discussion following (18)). 
In order to get rid of the choice of the compactification X we now proceed as in Subsection 
3.1 We define the presheaf Ai og) M/,M £ PSh C h(Mf x Sm c ) by 



A log>M f,R( M x X) := colim XeJx A MxXK (M x X, log(X - X)) (46) 

where the colimit runs over the directed system Ix of all good compactifications of X. It 
has an induced weight filtration W and a Hodge filtration J 7 on the complexification 

Ao S ,Mf( M x X ) ■= colim x G / x a mxx( m x X, log(X - X)) = A logMm (M xI)8 t C. 

By the above, all maps in the directed system are quasi-isomorphisms, which are bifiltered 
with respect to the decalage VV of the weight filtration and the Hodge filtration. 

Lemma 4.2. We have 

Ai og , Mf ,A log , Mm ,VV k A logMm ,FnWA g! M/ e Fun to °" st (S M /,c,N(Ch)[H/- 1 ]) . 

Proof. We can check descent in the M- and X-directions separately. Since the structure 
maps of the colimit over Ix are quasi-isomorphisms it follows from Lemma 4.1 that the 
complexes in the statement of the Lemma fulfill descent and constancy in the M-direction. 
In order to show Zariski descent in the X-direction we use descent and constancy in the 
M-direction in order to reduce to the case M — *. In this special case the Zariski descent 
was proven as Lemma [3. 2[ □ 



Definition 4.3. For p > we define the complex 

DR M /,c(p) := Cone((27r?) p W 2p Aog,M/,M©>V2 P nJ rp Ai g,M/ {a '^ a '^) W 2p A ogMf )[2p-l} . 
and 

DR M /,c := JJdRa//,c(p) • 

p>0 

By the above, we may view DR^c(p) and DRm/,c as objects in PShch(Mf x Smc) 
or in Fun desc ' const (S M /,c,N(Ch)[H/- 1 ]). Furthermore, by the constancy of DR M/C and 
using that DR C = e*DR M j ]C we have an equivalence 

L(pr*DR c ) ^ DR.u (47) 

in Fun desc ' co " st (S M /,c,N(Ch)[Vy~ 1 ]), where pr : S A //,c -»■ S c denotes the projection. 
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Definition 4.4. Generalizing Definition 3.4 we define 

DRmp e PSh Ch (Mf x Reg z ) 

by 

DR M /,z := ((ids M/ X B)*DR M/)C ) Z/2Z . 

We have 

DRmj,z G Fun too ^(S A f/, Z ,N(Ch)[iy- 1 ]) . 
In order to understand the cohomology of DRa//,c we show a version of the de Rham 



Lemma. Recall the Eilenberg-MacLane correspondence H (see A. 5) and the smooth 



function object Sm(. . . ) introduced in A. 10 



Lemma 4.5. We have canonical equivalences 

(DR M/ , C ) = Sm(#(DR c )) , F(DR M/>2 ) = Sm(^(DR z )) . (48) 

we 



Proof. We consider the complex case. The arithmetic case is similar. By Lemma [A. 7 
have a diagram of canonical morphisms 

#(DR A/JiC ) £■ L(pr*e*#(DR M/)C )) = L(pr*e*Sm(#(DR c ))) ^ Sm(#(DR c )) . 

□ 



Using (129) we get the following consequence. 
Corollary 4.6. We have isomorphisms 

F(DR M/iC (M x A)) F(DR C (A))*(M) , A e Sm c 

and 

F(DR M/iZ (M x A)) = ff(DR 2 (A))*(M) , A e Reg z . 

In other words, iJ*(DR^c(M x A)) is the cohomology of M with coefficients in the 
absolute Hodge cohomology of A. 

4.3 Vector bundles and geometries 

We consider a product M x A of a smooth (real) manifold M and a smooth complex 
manifold A. We let V — >■ M x A be a complex vector bundle. 

Definition 4.7. ^4 partial geometry on V is a pair (V 7 , <9) consisting of 

1. a partial connection V 7 in the M -direction, 

2. a holomorphic structure d in the X-direction. 

Definition 4.8. A geometry on the vector bundle V with a partial geometry (V 7 , 8) is a 
pair g v := (h v ,'V 11 ) consisting of 
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1. a partial connection V 77 in the X -direction which extends the holomorphic structure 
d, and 

2. a hermitean metric h on the bundle 

We now assume that X is a smooth variety over C and consider a sheaf V of locally free 
finitely generated pr^Ox- m odules onlfxl where pr^ denotes the inverse image under 
projection to X in the sense of sheaves of sets. We use the same symbol V in order to 
denote the corresponding complex vector bundle over M x X. It has an induced partial 
geometry (V 7 , d) which in addition satisfies: 

Assumption 4.9. 1. The partial connection V 7 is flat. 

2. The holomorphic structure d is constant w.r.t. V 7 , i.e. [V 7 ,<9] = 0. 

The original locally free sheaf of pr^ Ox -modules is the sheaf of sections annihilated by 
both, the connection V 7 and the holomorphic structure 8. 



In Definition 4.13 we will introduce characteristic forms associated to geometries. If X 
is not proper over C we want these characteristic forms to belong to the logarithmic 
subcomplex A\ og ^ M f(M x X) with controlled weights. To this end we define a subset of 
geometries on V called good geometries which behave in a controlled way at infinity. The 
definition and the construction in the following lemma are inspired by the constructions 
of Burgos and Wang in |BW98t §§2,3]. 

Definition 4.10. A geometry g on V is called good if every m e M has a neighbourhood 
U C M such that there exist the following data: 

1. a smooth proper variety Y over C, 



2. a good compactification 7x147x1 (see 3.1), 

3. a locally free sheaf of V t vzPyxx -modules V onUxY x X , where pr 23 : UxY x X — > 
Y x X is the projection, 

4- a natural map of pr 3 (9 x -modules pr^ 3 Vjt/ x x — > V\jj x yxx which induces an isomor- 
phism pr* 3 Vf[7 X x ® P r*o x pr^OyxX = V\ UxYx x, where pr 13 : UxYxX^UxX 
and pr 3 : U x Y x X — > X again denote the projections, 



5. a geometry g on V in the sense of Definition 4-8 (note that V has a natural flat 



partial connection in the M -direction and a holomorphic structure along Y x X), 

6. a smooth map A : U — > Y such that g\uxx — &\9> where 

(^x-UxX^UxYxX, (u,x)t->(u,\(u),x) (49) 

and we use the isomorphism &* X V = Vjf/xxfS'pr^Ox^AP^s^Vxv which is naturally 
induced by\4\ 



34 



Definition 4.11. A sheaf V of locally free finitely generated ^r* x Ox -modules on M x X 
together with a good geometry g will be called a geometric bundle and denoted by (V,g). 

Lemma 4.12. Good geometries exist. A good geometry defined over dA n x M x X can 
be extended to a good geometry on A™ x M X X. 

Proof. First observe that good geometries exist locally on M. For instance, if M is simply 
connected the sheaf V is of the form pr^Vo for some locally free Ox-module Vq of finite 
rank. By |BW98l Proposition 2.2] Vq has a compactification Vq, more precisely, there 
exists a good compactification X of X together with a locally free sheaf of C^-modules 
of finite rank Vq such that V \x = Vq. A geometry on V induces a good geometry on V 
where we take Y to be a point. 

It is thus enough to show that a collection of good geometries (gj)™ =0 on V over M x X 
with simply connected M can be glued using a partition of unity. 

We assume that g^— [hi, Vf 7 ) comes from a compactification V i with geometry g i on 
M x Yi x X for some smooth proper variety y, identification pr^V^p^OxP^^Yxx — 

V iiMxYixx and smooth map Aj : M — >■ y. 

We let [xq, . . . ,x n ] be homogeneous coordinates on CP" which will be considered as sec- 
tions Xi e C CP n(l)(CP n ). We let 

n 

Y := CF n x Y[Y> 

i=0 

and choose a good compactification Y x X mapping to the compactifications CP™ x 
nr=o &j Yi x Yj x X for a\\ j = 0, n. We define an embedding 

■n 

i=o 

where pr 13 :Mx7xI- yMx! and pr cpn : M x Y x X — > CP™ are the projections. The 
compactification V i with geometry ~g i lifts toMxF x X, and these lifts will be denoted by 
Vi and gi. Since M is simply connected the compactification W := ©" =0 pr^ p „Ccp»(l)®Vi 
of W determines by |BW98j Thm 2.4] after possibly replacing 7x1 by another good 
compactification of Y x X mapping to Y x X a compactification V of pr* 3 \^ such that 

V > W is a subbundle. 

Let ifcpn(l) — >■ CP™ denote the holomorphic vector bundle whose sheaf of holomorphic 
sections is 0cp«(1)- We use the standard metric h Hcvn ^' and connection on Hc$m(l) and 
the geometries gi in order to define a geometry g^ on W. We obtain a metric h on V by 
restricting the metric of W. Using the projection W — > V given by the metric on W we 
obtain a partial connection V on V. Hence we have a geometry g = (h, V ) on V. 
Let now (x«)™=o be smooth real valued functions such that the (x?) n =o f° rm a partition of 
unity on M. Then we define the map 

A : M -> y , A(m) := ([xo(^) : • • • : Xn(^)], A Q (m), . . . , A n (m)) . 
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The data YxX ^ Y x X, V, g and A show that the geometry g = (h, V H ) := ($* x h, <3>^V ) 
is good. We claim that this is just the affine combination (^\ x\ K, ^ xj Vf 7 ) of the origi- 
nal geometries. This can be checked using the formula h Hcpn ^\xi([zo, . . . , z n ])) = j^jjrp) 

the fact that the orthogonal projection from W to pr^V of an element of the form 

/y\ u -| 2 s ■ \ 

©jpr^ pn Xj (g) Si is given by ©jpr^ p „Xj £g> ( E- W¥~ J' anc ^ °b serv i n S that the pullback of 
the connection on Hcpn(l) along $^ becomes trivial in the X-direction. □ 



4.4 Characteristic forms 

We again consider a smooth manifold M, a complex manifold X, and a complex vector 
bundle V — > M x X with partial geometry (V 7 , d) (see Definition 4.7). The choice of a 
geometry allows us to define the connection V v := V 7 + V 7/ , its adjoint V y '* with respect 
to h , and the unitarization 



7V> 



1 



(50) 



The component in degree 2p of the unnormalized Chern form of the unitary connection 
V y ' n satisfies 



ch 2p (V 



V,u\ 



Tr exp(— i?^ 



2p 



G (27ri) p A^(M x X) . 



If the partial geometry (V 7 ,9) satisfies Assumption 4.9, we have 

F? V G T x A 2 (M x X,End(V)) 

so that 

ch 2p (V v ) G J"M 2p (M x X) . 
Finally we consider the transgression 

di 2p -i(V v,u , V y ) G A^-^M x X) 

which satisfies 

dch 2p ^(V v ' u ,V v ) = ch 2p (V y >") - ch 2p (V y ) . 

We now assume that X is smooth complex algebraic and that (V, is a geometric bundle 
(Definition 4.11). In particular, Assumption 4.9 is fulfilled. We claim that the Chern 
forms indeed belong to the subcomplex A\ og>M f(M x X) with the correct weights. 
First we assume that g globally comes from the compactification g on V^-MxYxX 
via A : M -> Y. Note that with $ A as in ((491 



<£>*A(M x Y x X) C W A log! M f (M x X) 
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Since the Chern forms are natural and closed we have 



ch 2p (V y ),ch 2p (V y ") G W 2 X P g ,M/( M x X ) ■ 
Similarly, if I is the unit interval with coordinate t we have 

ch 2p (ipr^ xX V y + (1 - t) V rl IxX V v n G m p A 2 ^ Mf (I x M x X) . 



(51) 



Since by the proof of Lemma 4.1 integration along / preserves the subcomplex of loga- 
rithmic forms and the decalage W of the weight filtration we conclude that 

ch^V^, V F ) G m p A^-l If (M x X) . (52) 

In general, the geometry g extends to compactifications only locally on M. We now show 
that (51) and (52) still hold true. We write out the details for ch 2p (V y ). The remaining 
cases are similar. Let (U a ) a& j be an open covering of M such that g\u a xx extends to a 
compactification, and let (Xa)aei be a partition of unity such that Xa is supported in U a . 
Then by (51 ) and the proof of Lemma 4.1 we have 

XaCh 2p (V v ) G m p A^ Mf (M x X) . 



This implies 



ch 2p (V y ) = J2x a ch 2p (V v ) G m p A% gMf (M x X) 



ael 



compare with the example (44). 

Recall the Definition 4.3 of the cone DR^c(p). 

Definition 4.13. We define the characteristic form of the geometric bundle (V,g v ) by 



u)(p)(g l 



ch 2p (V y ' M ) ©ch 2p (V y ),ch 2p _ 1 (V y ' M , V y )) G DR M/>c (p)(M x X)° . (53) 



We further define 



(g v ) := Y[tu(p)(g v ) G DR M/ , C (M x X)° . 

p>0 



(54) 



The properties of the characteristic forms stated above show that u)(g v ) is well-defined 
and a cycle. 



4.5 Bundles and algebraic /^-theory 

In the present section we define algebraic X-theory in terms of the symmetric monoidal 
stacks of bundles by Definition 2A_ and sheafification. We further introduce the stack of 
geometric bundles and verify that it can be used in the definition of X-theory as well. 
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Definition 4.14. We let 

zVectM/,c , ( or iVectjvf/,z respectively) , 

be the symmetric monoidal stack on Mf x Sm^/.c ( or Mf x Reg Z; respectively) which 
associates to M x X the symmetric monoidal (with respect to direct sum) groupoid of 
locally free, locally finitely generated sheaves of px* x Ox -modules on M x X . 

We will call these sheaves bundles. We interpret 

iVect M /,c G Fun desc (S M/ , c ,CommMon(N(Cat)[M/- 1 ])) 

and 

zVect M/iZ G Fun desc (S M/iZ ,CommMon(N(Cat)[W^- 1 ])). 

Note that these sheaves are locally constant in the manifold direction. This implies that 
iVectjvf/c an( i ^ ec ^Mf,z are homotopy invariant in the sense of Definition A. 2 



Recall that L denotes the sheafification functor (122). 



Definition 4.15. We define the homotopy invariant sheafs of algebraic K-theory spectra 



Kjvf/,c G Fun' 
by 



desc, const 



(SM/,c,N(s P )[ty- 1 ]) 



K 



Mf,Z 



G Fun 



descfionst / 



>Mf,Z 



K(Sp)[W- L }) 



K M /,c := L(K(iV ect Mf:C )), 
We have natural transformations 

X(iVect M /,c) -> Km/,c , 



K 



M/,Z : = 



K(iVect 



L(K(iVect M /,z)) 



M/,Z, 



-> K 



M/,Z 



(55) 



For X in Snic or Reg z the spectra K.q(X) or K^(X) represent generalized cohomol- 



ogy theories. By Lemma A. 7 and the definition of Kc respectively K z in 3.5 we have 
equivalences 

Km/,c — Sm(K c ) , Km/,z — Sm(K z ) . 



By (129) this immediately implies that for all k G Z and manifolds M we have 

7r fc (K M/ , c (M x X)) = K c (X)- k (M) 

or 

7r fc (K M /,z(M x X)) = K z (X)- k (M) , (56) 

respectively. 

Let zVect^r^be the symmetric monoidal stack on Mf x Srnc of geometric bundles as 
defined in 4.11 The stack of geometric bundles 



iVectf^J. G Pun rfesc (S M/ , c ,CommMon(N(Cat)[lf- 1 ])) 
has a forgetful transformation 



iVectf°™ c -)> iVect M /,c 



(57) 



It is not homotopy invariant but we can enforce homotopy invariance by applying the 



functor s defined in (124) 



More precisely we have the following assertion. 
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Lemma 4.16. The transformation (57) induces an equivalence 



l(N(iVectj£5J)) -> s(N(zVect M/)C )) . 



Proof. We use the notation s denned in (123). A (p, g)-simplex u in the bisimplicial set 



s(N(iVectAf/ ) c))(M x X) is given by a sequence of isomorphisms 
between bundles on A p xM x X. 

One now checks that a (p, g)-simplex in s(N(iVect^.™ ))(M x X) over u is determined 
by a good geometry on V g . By Lemma 4.12 s(N(zVect^™ ))(•, q) — >• s(N(iVectjv/j iC )(«, g) 



is a Kan fibration with contractible fibres. Hence we get the required equivalence after 
applying the limit. □ 

We now consider the arithmetic case. A geometry on a bundle V G iVectMf,z(M x X) is 
by definition a good geometry on its base change V®CtoMxI®C —M x (X x Spec ( Z ) 
Spec(C)) which in addition is invariant under the operation of Gal(C/R) in the second 
argument. In the following we make this precise. 

Recall that the underlying complex manifold of X <g> C is the smooth manifold X <g) C 
with its opposite holomorphic structure. For a vector bundle V on M x X we let V ® C 
be the bundle V <E> C equipped with the opposite complex structure. 



Let (V 7 , d) be the partial geometry (see Definition 4.7) on V&C The same data can also 



be considered as a partial geometr y on V <E> C. Let g := (V /J , h v ® € ) extend the partial 



geometry to a geometry (Definition 4.8). Then we define the hermitean metric on V <E> C 
by 

hX^i&Tp) := /^ C (0,V) • 



The partial connection V 7/ = 8+ V 1,0 can be considered as a partial connection on V (8) C 
which extends d. We therefore can define the conjugated geometry by g := (V 7/ , h v ® c ). 
We now have a pair of canonical isomorphisms umxx : MxIgC- 7-MxXcg>C and 
C/mxjc : n^^V <8) C -> V ® C. 

Definition 4.17. Let V be a bundle over M x X . We say that a geometry g on V <E> C 
is Gal (C/M) -invariant i/ 

(ux,Ux)*g = g ■ 

Definition 4.18. A geometric bundle on M xX e Mf x Reg z is a pair (V, g) of a bundle 
on M x X and a Gal (C/R) -invariant geometry g. 

We let iVectMf,z be the symmetric monoidal stack of geometric bundles on Mf x Reg z 
which we consider as an object 

zVect^J G Fun(S A //,z,CommMon(N(Cat)[H/" 1 ])) . 

We have a forgetful transformation 

iVect^^ ->■ iVect M /,z (58) 



and the analogue of Lemma 4.16 with the same proof : 
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Lemma 4.19. The transformation (58) induces an equivalence 



s(N(^Vectf/™)) -> s(N(zVect M/iZ )) . 



4.6 The regulators r^ ei1 and r 



z 



In this subsection we apply the machinery of Subsection 2.3 in order to construct the 
complex and arithmetic versions of the regulators r® ei1 and r| ei1 . 



We interpret the characteristic form co defined in (|54|) as a characteristic cocycle 

kM/,c) 



u : 7r (iVectgJ) -> Z°fDR, 



(59) 



in the sense of Definition 2A According to Definition 2J3 we get a regulator 

K(u) : K(iVect^) -> F(DR M /,c) • 
Definition 4.20. VKe define the complex version of the Beilinson regulator 

r* eil : K M /,c -»• #(DR A 



through the diagram 
K(iVect Mf ,c) T _Z l{ ±i K ^ ect Mf,c. 



M f,C) £ jemma ^ 
J55l 



K 



Lemma 



-.Beil 

r C 



^*K(iVect 9eom ) 



Mf,C 



s#(DR M /,c) 

~ Lemma \A.3\ 

H(DH M f iC ). 



The factorization of the upper-right composition over the sheafification (the left vertical 
arrow) exists since tf(DR^c) already satisfies descent. 
We now consider the arithmetic situation. 



Lemma 4.21. If (V,g) G iVect^™(M x X) is a geometric bundle (Definition ^..18), 
then the characteristic form u(g) G Z°(DRm/,c(-^ xl8C)) satisfies 



u 



MxX 



v(g) = u(g) ■ 



Proof. We have 



11 



-1.* 

MxX 



u(g) = w(uj£ x g) = u(g) = u(g) . 



□ 



Using Lemma |4.21[ we interpret the characteristic form w as a characteristic cocycle 

geom s 
J Mf,Z) 



u : 7r (iVect^ o f ^) ->■ Z°(DR M /,z) 
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Definition 4.22. We define the arithmetic version of the Beilinson regulator 

r| ei1 : Km/,z — > H(D~R M f,z) 

through the diagram 



J55l 



Lemma [213 



Km/,z > ^(DRm/,z). 

(60) 

5 Differential algebraic i^-theory 

5.1 Definition of differential algebraic i^-theory 

A spectrum E 1 e Sp represents a cohomology theory E* on the category of topological 
spaces. A differential extension E* combines the restriction of E* to the category of 
smooth manifolds with information about characteristic forms. A standard choice for the 
differential form part is the de Rham complex QA with coefficients in the Z-graded vector 
space A := E* <g> K. In this case we have a canonical map 

rat : Sm(E) -> if(JL4) . 

There is an immediate generalization of the theory to the case where A is a complex 
with possibly non-trivial differential such that H*(A) = E*. We refer to |BS10j . |Bunl2] 
for a detailed description of the axioms and more background on differential cohomology 
theories in general. Differential algebraic i^-theory for number rings has been considered 



in detail in [BG] , see also Subsection 5.5.1 



In the present paper we consider the differential extension of the algebraic i^-theory of 
separated, regular schemes of finite type over Z. Note that number rings correspond to 
schemes of relative dimension zero over Z. Our choice of differential forms is the complex 
DRm/,z- This complex is connected with algebraic .fT-theory by the regulator 

r Beil 



given in (4.22). The set-up here generalizes the one explained in [BSlOj . In the following 
we explain the differences. Usually, a differential extension of a cohomology theory is 
considered as a functor on the category of manifolds. Here it is a functor 

M x X h-> K(X)°(M) 

of two variables, a scheme X over Spec(Z) as above and the manifold M. Furthermore, 
the differential data is far from being strict in the sense explained in |Bunl2j . Let us fix 
X and write 

DR Z (X)(M) := DR M/)2 (M x X) . (61) 
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Then DR^(X)(M) is still different from the de Rham complex of M with coefficients 
in K_*(X) ® K. Let us assume that X is proper in order to avoid the complications 
with compactifications. Then DR^(X)(M) is a topological completion of the de Rham 
complex of M with coefficients in DR^(X)(*). Even if X is zero-dimensional DR^(X)(*) 
is a complex with non-trivial differential. Beilinson's conjectures described in Subsection 



3.5 predict that, for proper X with potentially good reduction everywhere, the regulator 
induces an isomorphism of K P (X) g) R — > H~ p (D~R,z(X)(*)) for p > 2, and its kernels 
and cokernels for other p are well understood and non-trivial in general. Hence the level 
of generality for differential extension K° here includes that the characteristic map does 
not induce an equivalence K.Mf,z A MM. — > H(D~R,m },■£)■, even if Beilinson's conjectures 
are assumed. 

We turn now to the construction of the differential extension K° which will be defined in 
terms of the differential algebraic f^-theory spectrum. We denote the stupid truncation 
of a complex by a- . 

Definition 5.1. We define the differential algebraic K -theory spectrum 



Diff(K) G Fun(S M/iZ ,N(Sp)[H/- 1 ]) 



by the pull-back 



Diff(K) 

i 



K 



Mf,Z 



,-Beil 



(62) 



Mf,Z) 



Furthermore we define the differential algebraic K -theory (in degree zero) by 

K° := 7r (Di£f(K)) G Fim(S M /,z,N(Ab)) . 



4.1 



for the 



While Km/,z and DRa//,z are constant in the manifold direction (see Lemma 
latter) the complex cr- DRjvf/ ) z is no longer constant. Therefore Diff (K) is not constant 
as well. Hence the functor K° is not homotopy invariant in the manifold direction. The 
deviation from homotopy invariance can be described by a homotopy formula which is 
formulated here in Lemma [5. 61 



The maps R and / in the diagram (62) induce the structure maps (denoted by the same 
symbol) 

R : K° -> Z°(DR M /, Z ) , / : K° -> 7ro(K M/l z) • 

The inclusion i of the non-negative part into the full Rham complex fits into a fibre 
sequence of complexes 

► a^DRM/.zhl] A ^°DR M p -4 DR M/Z -> ^^DR^ 

The map marked by a in this sequence naturally induces the map 



a : R-Ha 



DR 



Mf,Z, 



(63) 
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Since (62) is a pull-back square this map lives in an exact sequence 

MK MftZ ) -> ff- 1 (^- 1 DRM/, z ) A K° A 7T (K M/)Z ) -> 0. (64) 
Definition 5.2. W^e define the flat part of differential algebraic K-theory by 

K° flat : = ker (r : K° Z°(DR M/ , z ; 

5.2 The homotopy of Diff (K) 

In this Subsection we calculate the homotopy groups of Dif f (K). We fix X G Reg z and 
write 

Diff (K(X))(M) := Diff (K)(X x M) , 

K(X)°(M) := K°(M x X) , (65) 

and 

K(X)° flat (M) := K° I<rf (M x X) . (66) 
Furthermore we let Kz(X)*, K^(X)IR/Z* be the generalized cohomology theories repre- 



sented by the spectra K^(X) and its M/Z-version, respectively (compare with (56)). The 
calculation will partially depend on the validity of Beilinson's conjectures for X. We will 
indicate this dependence precisely at the corresponding places. 

Proposition 5.3. The homotopy groups o/Diff(K(X)) can be described as follows: 

1. For i < — 1 we have 

7Ti(Diff (K(X))) = K Z (X)-' , i < -1 . 

2. For i > 1 we have a natural map 

K Z (X)R/Z~ i - 1 7Ti(Dif f (K(X))) . (67) 
It is an isomorphism if Beilinson's conjectures hold true for X. 

3. We have a sequence 

K Z (X)R/Z- 2 K^(X)- 1 -> ^(DR^X))- 1 A K(X)° (/ -f 
-> K Z (X)° x Z°(DR Z (X)) -> 



(6? 



which is exact except possibly at Kz(X) 1 . /f is exac^ if Beilinson's conjectures hold 
true for X . 

4- We have an exact sequence 

K Z (X)- X -> ^(DR^X))- 1 A K(X)° iat A K Z (X)° A (DR Z (X))° . (69) 
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Proof. Since the inclusion map i in (62) induces an isomorphism on 7Tj for i < — 1 and a 



surjection on tiq we obtain from the long exact sequence associated to the pull-back that 

Tr^Dif f (K(X))) = K z (xy , i < -1 . 
We let p x : S M / -> S M /,z be given by 

Px(M) := M x X . (70) 

The map 

K M/jZ R -> ff(DR M/|Z ) (71) 
induced by the regulator r| ei1 induces a map of pull-back diagrams from 

p^E^Kjf/.zR/Z 



M/,Z 



p^K 



to 



Diff (K(X)) ^^fr(^°DRtf /)Z (X)) 



(72) 



The resulting map of left upper corners gives the map ( |67[ ) in homotopy groups. 

For a manifold M we consider the morphism between the Atiyah-Hirzebruch spectral 



sequences for K Z (X)R*(M) and H(DR Z (X))*(M) induced by (n}. We assume that X 
satisfies Beilinsons's conjecture 3.9 Then the map of i?2-terms is an isomorphism on E^ 9 
for all q < —2 and injective on E 2 ~ l . It follows that 

K z (X)R- { -> F(DR z (X))- ! 

is an isomorphism for % > 2 and injective for i — 1. 

By an application of the Five Lemma we see that (67) is an isomorphism for i > 1. 



The exactness of (68) is simply a part of the long exact sequence of homotopy groups 



associated with the pull-back diagram (72) where we have replaced 7Ti(Dif f (K(X))) at 



the left end by Kg(X)R/Z 2 using (67). Hence it is exact except possibly at Kg(X) 1 . 
By the above, it is exact everywhere if we assume Beilinson's conjecture for X. 



The exactness of (69 ) follows from the unconditional part of exactness of (68 ) by pull-back 



along the injective transformation 
ker ( K Z (X)° #(DR Z (X)° 



xi-s>(x,0) 



> K(Z(X)° x ff(DRz(x)) . Z°(DR Z (X)). 



□ 
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5.3 The geometric cycle map 

Let M be a smooth manifold and X a scheme in Ret 



A bundle V G zVect M/iZ (M x X) 



(cf. Definition 4.14) gives rise to a class 

cycl(y) G 7T (K A// , Z (M x X)) = K Z (X)°(M) 



The natural transformation cycl is called the topological cycle map, see (74) for details. 
If g v is a good geometry on V so that (V,g v ) is a geometric bundle (cf. Definition 4.18), 
then we have the characteristic form u(g ) G Z°(DRa^(M x X)) defined in (53) which 
represents the class of the regulator 

r| ell (cycl(V)) G #°(DR M/ , Z (M x X)) = ff(DR z (I))°(M) 



The main result of the present Subsection, Definition |5]5j is the construction of a geometric 
cycle map cycl which maps (V,g v ) to the differential algebraic i^-theory class 

^i(V,g v )ek(X)°(M) 

such that 

R(^1(V, g v )) = u{g v ) , J(H^(V, £ y )) = cycl(F) . (73) 

A first version of topological and geometric cycle maps for number rings has been intro- 
duced in |BG[ Sec. 3.6]. The approach presented in the present paper is simpler, more 
functorial, and works for higher-dimensional X as well. 

We start with a precise description of the topological cycle map. We consider the functor 

7r (iVect M/)Z ) : Mf op x Reg° p -> Mon(Set) , 

see Subsection 14.51 

Definition 5.4. The natural map of monoids 

N(iVect M/iZ ) OB(N(iVect M /,z)) = n°°K(iVect w ) ft°°K Af/ ,z 
induces the topological cycle map 

cycl : 7ro(zVect M / ) z) -> 7r (ft°°K M/iZ ) 7r (K A//>z ) (74) 
as a map m Fun(Sj\/^ )Z ,N(Mon(Set))). 



In order to define the geometric cycle map we extend the diagram (60) used in the con- 



struction of the regulator, Definition 4.22, to the commuting diagram 

_geom \ -^"( CJ ) 



K(iVect 



K(iVect 



Mf,z 



Mf,z 



A-(Z°(DR M/ , Z ))) (Z°(DR M/iZ )) > H(<r*DR 




si^Vectf "^ 



J Mf,ZJ 



Mf,Z) 



i^W(DR M/ , z ) 



K 



M/,Z 



#(DR 



Af/,2; 
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By the universal property of the pull-back defining Diff (K) the outer square defines a 
canonical map 

K(iVect^) Diff (K) (75) 

of diagrams of spectra. 

Definition 5.5. We define the geometric cycle map 

cycl : 7r (zVect^°") K° 
as the transformation in Fun(SM/,z, N(Mon(Set))) given by composition 

Tro(iVect^) 7r (^(iVect^)) 9 7r (Diff (K)) . 
It is clear from the construction that this geometric cycle map satisfies the conditions 



(73). 



5.4 Homotopy formulas 
5.4.1 The manifold direction 

Let / := [0, 1] be the unit interval, M G Mf be a smooth manifold, and X G Sm^ be a 



smooth algebraic variety. As observed in the proof of Lemma 4.1 the integral 

J : A* (I x M x X) ->■ A*^(M x X) 

induces a morphism 

: DR M/iC (I x M x X) — > DR M/>C (M x X)[-l] . 



'i 

Explicitly, if (cjk © a;, a)) is an element in the cone then 



; K © w, 0) = ( / uj r © oj,- u) . 
i J i Ji Ji 

Let io, ii : M — >■ I x M be the inclusions corresponding to the end points of the interval. 
By Stoke's theorem, for oj G DRj\/^c(^ x M x X) we then have the identity 



du = i\u — i* Q ui — d I uj (76) 
/ J i 

in T)H^jf^(M x X). A similar formula holds true for X G Reg z and u; G DRm/,z 



(compare Definition |4.4). 



Differential algebraic i^-theory K° admits a homotopy formula in the manifold direction. 
Assume that M G Mf is a smooth manifold and X is a scheme in Reg z . Recall that we 

denote by a the natural map DR^ Z (M x X)/im(d) ^ K°(M x X). 
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Lemma 5.6. If x E K°(I x M x X), then we have 

i\{x) — il(x) = a( / R(x)) . 



Proof. The proof is a formal consequence of (76) and the exactness of (68) at K°. The 



argument is parallel to the proof of [BS101 Lemma 5.1] or Proposition 5.8 below. □ 



As an application we discuss how the geometric cycle class changes when one varies the 
geometry. Thus we let V be a locally free sheaf of pr^Ox-modules onMx! and g$, g\ 
two geometries. We know from Lemma |4.12| that there exists a geometry g v on the pull- 
back ]>r* My . x V on / x M x X such that i*Ag v ) = gj ,j = 0, 1. Hence the homotopy formula 



and (73) yield 

^l(V,gY) - ^cl(V,gV) = a{ju{g v )). (77) 

We consider the following special case. We fix the partial connection V 77 and assume 
moreover that the total connection V is flat. We consider a metric ho = h and a rescaled 
metric h\ = Xh for some A G (0, oo) C R. 

Lemma 5.7. 

^1(V, (V 7/ , Xh)) - ^l(V, (V 7/ , h)) = o((0, 0, -i dim(V) log(A))) . (78) 
where (0, 0, -\ dim(V) log(A)) e DR A / /C (1)(M x X). 

Proof. We choose a smooth function p on I with p(0) = l,p(l) = A. Then g v = 
(pr^ xX V /7 ,p • pr* MxX h) is a good geometry on pr* MxX V. We can compute the inte- 



gral in (77) explicitly. Denoting the total connection on ^T* MxX {y) by V we find that its 



adjoint is simply given by 

V* = pr^ xX (V**) + dlog(p). 
The curvature of V is the pull-back of the curvature of V Uh , hence 

ch 2p (V u ) = 0. 



l 



Write u) := V Uh — V, a) : = V u — V = pr* MxX u+ |dlog(p). Since V is flat the transgression 
ch2 P -i(V lt , V) depends on the connections via the form Tr(u) 2p ~ l ). We have 

^ = Prk^ 2 ^ 1 + frflog(p) A pr* MxX a; 2 ^ 2 . 

Since Tr(u 2p - 2 ) = for p > 1 we get ch 2p -i(V u , V) = pr; //xX ch 2p -i(V u , V) for p > 1. 
Furthermore, chi(V M , V) = pr^ fxX ch 1 (V u , V) + ^f^dlog(p). We finally get 



J^ch 2p ^(V u ,V) 



2 

\ log(A) dim V if p = 1 
else. 
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This implies ([781. □ 



5.4.2 The algebraic direction 

It is known that absolute Hodge cohomology is homotopy invariant in the algebraic di- 
rection in the sense that the natural projection induces a quasi-isomorphism 

DR M/)C (M x X) DR M /,c(M xXxA l c ). 

In particular, the two inclusions uq, u% : MxX^MxXx given by the points 
0,1 e AJ,(C) induce the same map on cohomology. We expect that there exists an 



integration operator § n in the algebraic direction which satisfies a formula similar to (76). 
However, the actual construction of such an operator seems to be quite complicated, and 
we content ourselves with the analogous formula for P^. This is enough for our purposes 
in the current paper. 

On the space of forms A(M x X x CP 1 ) we consider the operator Q given by 

Q{u) = P r MxX«0 W + P r Mxx( / w ) A V °W 

J MxXxCP 1 /MxX 

with the normalized volume form volcpi. It preserves the subcomplexes WkA\ ogt Mf,R and 
•FMi og) M/ and hence induces an operator Q on T)~R,Mf,c{M x X x CP 1 ). Below, we will 
construct a homotopy 

h : DR M/)C (M x X x CP 1 ) ->■ DRa/ /)C (M x X x CP^-l] (79) 

which is natural in M x X and such that 

dh + hd = id - Q . (80) 

Assuming for the moment that we have already constructed such a homotopy h we let 
u t : MxX^MxXx CP 1 be the inclusion given by t E C C CP 1 . 
We consider the flow $j : CP 1 — > CP 1 given by <&t(z) = z + t. We extend this flow 
constantly along the M x X-direction. Then we have u* t = it^t- ft follows that 

1 d 







We now insert (80) and observe that u* Q* t Q(ui) does not depend on t. We get 



f 1 d 

u\uj — u*qUJ = / —u*Q<&*{hd + dh)udt . 
J dt 

We rewrite this as 

-1 a rl 



f d f d 

ulu-u* u= / u* —$* t h(du)dt + d u* — $* t h(u)dt . 
Jo dt J dt 
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Hence we are led to define 



J u := J ulj$*h{u)dt 



The above formula then reads 

u\uo — UqU — duj + d l tu. (82) 
J ii J ii 

Again, we have a similar formula for A £ Reg z and u G DRj^y^M x A x P|). 



It now remains to find the homotopy h (79). Assume that we have natural transformations 



h R , hp, h : W p A log (M x X x CP 1 ) ->• W p A log (M x X x CP^-l] 

and 

r R , r> : }%A log (M x A x CP 1 ) ->• W p A log (M x A x CP 1 ) [-2] 

such that 

dh^ + TiRii = id — Q = dhjr + /ij-rf , dh + hd = id — Q 
dr R - r R d = h m -h , dr T - r T d = h T -~h , 
and h R preserves Ai ogi R and /ijr preserves T v A\ oz . Then we define 

h = JJ^DRb) : DRa//,c(M x A x CP 1 ) ^ DR M /,c(M x A x CP^-l] 

p>0 

^dr( p )(wi, w.f, w) := (h-RU, hjru, -hu + r R w K - r F UJ T ) . 

We check: 

*dr(|))(wi,Wj,w) = (dh R u R ,dhjrUjr,dhu-dr R u m +drjrUjjr+h R UJ R -hjrUjr) . 

huK(p)d(uj R , ujr, u) = /i DR(p ) (da^a, du T , -du+u R -ujr) 

= (h R du R , hjrdujr, hdu - hu R + hujr+r R dw R -r F dujj:) . 

We get 

(dft-DR(p) + /iDR(p)rf)(i<*, wjr, u))k = d/iRWR+ZiRficuR = wr — Q(u%) . 



and 



(<#&dr(p) +h-Dn(p)d)(ujR,Ujr,Cu)^ = dhuj-dr R u R +dr F uj F +h R u R -hjrUjr 

+hdu — hu R + hujr+r R duj R —rjrduijr 
= £j-Q(6j) 
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In the following we show how the Kahler package induces appropriate homotopies. Let Y 
be a compact Kahler manifold. Then we consider the operator G : A(Y) — > A(Y) which 
vanishes on the harmonic forms H, := ker(A) and is A -1 on the H 1 . We define 

h R := d*G , h T := 2d*G , h := d*G . (83) 

Using the adjoint L* of L : a i— > u A a (with a; the Kahler form) we define 

r T := iL*G, r R :=0. (84) 

We use that 

A = dd* + d*d = 2{dd* + 8*8) . 

We have 

rf/iR + /irg? = id — pr H , c?/ij7 + /ijrrf = id — pr w . 

Finally using 

~h-h F =(d* - B*)G , [d, L*] = id* - id* 

we get 

[d, rjr] = hjr - h . 

We apply this in the case Y := CP 1 . In general, a form in A(M x X x CP 1 ) can 
be considered as a form on M x X with values in ^(CP 1 ). In this way the homotopy 
operators just introduced for CP 1 induce the desired homotopy operators for MxXx CP 1 . 
One checks that these have the necessary properties. 

We retain the notation from the beginning of this Subsection with M G Mf and X G Reg z 
and let Uo,Ui : M x X — > M x X x ¥\ denote the two inclusions given by the points 

o,igp!(z). 

Proposition 5.8. We consider x G K°(M x X x Pg). VKe assume that there exists a 
class y G K°(M x X x P 1 ) suc/i tfiat J(y) = I(x) and f u R{y) = 0. Then 



{u\ - u* )x - (u{ - u* )y = a( R(x)) . 

J ii 

Proof. By the exactness of (64) at K° we can find an element oo G DR M j Z (M x X x P^) 
such that x — y = a(u). It follows that 

(u\ — u*q)x — (u* — u* G )y = a{u\u} — u*qu)^ a( I du) — a( I R(x)) 

Jii J ii 

since R(y) is annihilated by f n . □ 



Remark 5.9. It is likely that such a class y always exists. E.g. this is the case if I(x) 
is the pull-back of a class y G K° M jr Z (M x X). We expect that, if we had a multiplicative 
version of differential algebraic K -theory, the existence of y follows from the projective 
bundle formula in algebraic K -theory. On the other hand, if x is given as the geometric 
cycle class of some geometric bundle one can often construct a suitable y by geometric 
means. 
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5.5 Number rings 
5.5.1 A review of fBG] 

- — -0 

In this Subsection we review the construction of differential algebraic J\~-theory KR as 
introduced in \BG\ Sec. 2.2]. Let R be a number ring, i.e. the ring of integers of a 
finite field extension Q C k. We consider the scheme X = Spec(i?) G Reg z , which 
is of relative dimension over Spec(Z), and its algebraic J\~-theory spectrum KR : = 
K Z (X) G N(Sp-°)[W / - 1 ]. We define the Z-graded vector space A* := tt^(KR) <g)R which 
we consider as a chain complex with trivial differential. We let 

VIA G Sh Ch (Mf ) , M ^ A R (M) ® A 

be the sheaf of chain complexes of real differential forms with coefficients in A. 
We abbreviate the smash product with the Moore spectrum MM. of the abelian group 
R by KRR := KR A MR. Then we have a canonical map c : KR KRR A ff(A), 
where H(A) G N(Sp)[W _1 ] is the Eilenberg-MacLane spectrum of A (see 
furthermore have a de Rham equivalence j : if(f2v4) A Sm(H(A)) (see Lemma 



A.5). We 



4.5) where 



Sm(E) G Fun 6SC (Sm/, N(Sp)[VT x ]) denotes the smooth function spectrum of a spectrum 



E G N(Sp)[W x ] (see A. 10). We use the canonical map c and the inverse of the de Rham 



equivalence in order to define the map 

rat : Sm(KR) A Sm(H(A))<^H (SI A) . (85) 

The differential function spectrum 

m±f(KR) G Fun desc (SAf/,N(Sp)[^~ 1 ]) 

is given as the pull-back 

Mff(KR) — ^H{a^°QA) (86) 
i 

Sm(KR) rat > # (OA) 

in Fun desc (SAf/, N(Sp)[W /_1 ]). The version of differential algebraic fT-theory in |BG| is 
the functor 

KR : = 7r (Diff (KR)) G Ab MfP . (87) 



The maps denoted by R and I in the diagram (86) induce maps 



R : KR Z (O4) , 7 : if^ -»■ KR° , 

and we have a map 

a : a4 -1 / im (d) -»■ . 
We shall use the exact sequence ( |BGl Def. 2.2 (iii)], the analog of ( [64 
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5.5.2 Comparison of two versions of differential algebraic X-theory 

- — -0 

We want to give the precise relation between the differential algebraic X-theory KR 
introduced in |BG] (or (p7j)) and K(X)° in the notation (65). We further use the notation 



p* x ~DR MftZ G PShch(Mf) with p x as in (70). 

— - — Q 

We must relate the two versions of forms VtA and p x T)HMf,z corresponding to KR and 
K(X)°. We write elements oj G DR A /j. z (M x X) in the form 

oj = (u R (p)®u(p),u(p)) p > G JjDR Af/jZ (p)(Af x X) . (89) 

p>0 

Here u R (p) G {2m) p A^(M x X)[2p), oj(p) G T P A(M x X)[2p), and u(p) G A(M x X)[2p- 
1], where we use the notation A(M x X) := [A(M x X(C))] Gal(c/R) where Gal(C/R) acts 
on the set X(C) of complex points of X and the differential forms by complex conjugation. 
Furthermore, JF P A{M x X) = for p > 1 and J c0 A(M x X) = A(M x X). We define 

Re(w(p)) := (27n) p <Re ((27ri)- p w(p)) , Im(w(p)) := (2m) p+1 SRe ((2vrz)- p - 1 w(p)) , (90) 

where %\z denotes the usual real part. Note that for every complex point a G X(C) we 
have an evaluation 

ev a : A(M x X) A(M) . 

We will use the following results about Beilinson's regulator for R: Combining Borel's 
results |Bor74] concerning the ranks of the Ki(R), i > 0, and the comparison between the 
regulators of Borel and Beilinson |Bei84j 

r| eil : 7r,(K z (X)) (g) R — >■ H~* (DK^X)) 

is an isomorphism in degrees * > 2, and injective (with well known image) in degrees and 
1. In fact, the conditions 1. - 3. below determine a subcomplex of DR^(X) with trivial 
differential such that 7r*(Kz(X))<g)R is isomorphic to (the cohomology of) this subcomplex 
via r| ei1 . It follows that for any smooth manifold M we get a natural isomorphism 

$ : SIA(M) )■ DR M/>Z (M x X) (91) 

onto the subcomplex of forms oj G DRm/,z(M x X) satisfying (using the components 
introduced in (89)) 

1. oj(p) = 0, oj R (p) = 0, Re(u)(p)) = for p > 2 

2. oj{1) = 0, oj r {1) = 0, Re(w(l)) = and 

1 V 71 a£X(C) 

3. a)(0) = and there exists a form x G A R (M) such that ev o -a;(0) = ev o -a;]R(0) = x for 
all a G X(C). 
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The isomorphism is normalized in the unique manner such that 



Sm(KR)^^H(QA) 



(93) 



■p* x H(DR Mf) 2 



commutes. In fact, \I> is fixed by the evaluation of this diagram at M = * using the fact 
that rat induces an isomorphism after tensoring its domain by IR. 



Lemma 5.10. The map 



is injective. 



*:H*{nA)->p* x H*{BR M fri 



Proof. Let M be a smooth manifold. Let a G Z* (QA(M)) and assume that = du. 

We must show that there exists some $ G VLA*- 1 (M) such that d/3 = a. We define 
(3 G DR^yM x X) as follows: 

1. For p > 2 we set (3 : = Im(u>(p)) and (3(p) := 0, (3 R (p) := 0. 

2. For p = 1 we define (3(1) := 0, (3 R (1) := and (3(1) by 

1 



ev a (3(l) := ev CT Im(u;(l)) 



|X(C)| 



ev CT Im(w(l)) 



o-ex(C) 



for all a G X(C). 

3. For p = we set /5 R (0) := Wr(0), ,0(0) := Wr(0) and /3(0) := 0. 

Then we have d(3 = ^(a) and since (3 satisfies 1.-3. above (3 = ^((3) for some uniquely 
determined (3 G fL4* _1 (M). We conclude that d(3 = a. □ 



In view of the Definition 5.1 of Dif f (K) the map of diagrams 

Sm(KR) — H(QA) ^ H(a^A) 



P*X^Mf,l 



-p x H(BR 



Mf,Z) 



p x H(a^T>R Mf , z ) 



gives a natural transformation Dif f (KR)(. ..)—>■ Dif f (K(X)) and hence a natural trans- 
formation 

ip : KR K(X)° . 
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By construction the following diagram commutes: 




p* x BR 



Mf,Z 



KR° 



K(X)° Z°feDR M/ , z ) K Z (X)° 
i 



Lemma 5.11. For every manifold M G Mf the map 



ip : KR (M) — )■ K(X)°(M) 



is injective. 



(94) 



Proof. Compare the exact sequence (68) with the analogous exact sequence for KR . The 



assertion follows by a simple diagram chase using Lemma 5.10 



□ 



5.5.3 Comparison of cycle maps 

A sheaf of locally free, locally finitely generated pr^ Ox-modules V on M x X is the same 
as a locally constant sheaf of finitely generated projective -R-modules on M. It gives rise 
to complex vector bundles V a — > M for all a G X(C). Since X(C) is zero- dimensional 
the datum of a geometric bundle (V", g v ) on M x X reduces to the choice of hermitean 
metrics h Va on the complex vector bundles V a for all a G X(C) such that h Va = h v& . This 
is the same as a geometry on the locally constant sheaf of finitely generated projective R- 
modules on M as considered in |BG} Def. 3.8]. We therefore have a natural identification 
of the domains of the cycle maps 



7ro(iVect^(M x X)) 



Loc 



■pro] 
geom 



(M) 



sec 



4.18 and |BGl Sec. 3.6], respectively). We let 



cycl : Loc^l(M) KR (M) 



and 



Sy^l : 7To(iVect^J(M x X)) K°(M x X) 



denote the corresponding cycle maps (see Definition 5.5 for the latter). As the comparison 
in Lemma |5.14| shows these are not equal, but differ by a natural correction term. 
In the present paper we let f3{g v ) G Z°(QA(M)) denote the characteristic form of the 
geometric bundle (V, g) as introduced in |BGl Def. 3.9], and oo(g v ) G Z°(DH M f jZ (M x 
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X)) be the form introduced in Definition 4.13 In order to simplify formulas we use a 
normalization adapted to the conventions of the present paper. We write (cf. (89)) 

*(/?(<7 v )) = (f3(9 v )M®f3(g v )(p)J(g v )(p)) ■ (95) 

Then the characteristic form f3(g v ) is determined by 

1. For p > 2 we have (3{g v ) R {p) = = (3{g v )(p), and for all a £ X(C) 

evj(g v )(p) = ^ch^V^V^) . 

2. If p = 1, then fi(g v Ml) = = /3(g v )(l), and for all o e X(C) 

ev ff ^ v )(l) = i<ii(V v -,V v O-«, 

where 

« : =2j*W E ch '( v "'"- v ''-)- 

3. We have /3(g v )(0) = 0, and for all a £ X(C) 

ev CT (/3(^ y ) R (0)) = ev CT (/3(^)(0)) := dim(V) . 

The following two lemmas prepare the definition of the correction term in the comparison 
of cycle maps. 

Lemma 5.12. There exists a smooth map g v t— > X(g v ) G A^(M) which is natural with 
respect to pull-back along maps between manifolds and such that 

o-ex(C) 

Proof. Recall that 

<ii(V vt '*,V v ')= / ch 2 (V^) 

J/xM/M 

where V CT — > I x M is the bundle pr* M V a with the connection obtained by linear 
interpolation between V Va and V^'*. We consider the line bundle 



V:= det{V a ) 
o-ex(c) 



with the connection V v induced by the connections V y<T . Then 

V ch^V^V^H / ch 2 (V^) . 



o-ex(c) 
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We further consider the complex line bundle V := <S> ae x(C) det(V^) on M with the induced 
flat connection V v . We let (s,t) G I x I denote the parameters. On / x I x M we 
consider the bundle V := pr^./V with the connection V v which along the s-direction 
linearly interpolates between the connection V y and the linear path (parametrized by t) 
between pr^V v and pr^V v >*. We set 



Hg v ) •■= - I ch 2 (v^) 

J IxIxM/M 



and observe that 



o-ex(c) 

We now observe that V has a Z-structure and therefore has a uniquely determined 
hermitean metric such that the Z-basis vectors have length one. On the bundle 
V— > I x I x M we consider the metric 

h v := (1 - s)pr* M h v + spr* M h% . 

We consider the connection V v which linearly (in t) interpolates between the connection 
pr^-V v and its adjoint with respect to h v . We define 



and observe that 



\i(g v ) := - / ch 2 (V V ) 

JlxIxM/M 



rfA 1 (^) = ch 1 (V v -*,V A 



Since Im^^^ chi(V VCT '*, V v ") = (see Q for Im and Re) 

A(^):=Re(A (/) + A 1 (^)) (96) 
has the required properties. □ 

Let V — > M be a complex vector bundle and Vj, 2 = 0,1, 2, be three connections on V. 
Then we have the following well-known relation 

ch(V , Vi) + ch{V t , V 2 ) = ch(V , V 2 ) 

modulo exact forms. In fact, we have a stronger result. 
Lemma 5.13. There exists a smooth map 

(V , Vi, V 2 ) ^ ch(V , Vi, V 2 ) G A(M), 

natural with respect to pull-back along maps between manifolds, such that 

ch(V , Vi) + ch(Vi, V 2 ) - ch(V , V 2 ) = dch(V , Vi, V 2 ). 
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Proof. We consider the bundle V := pT* M V — > A 2 x M and define the connection V y as 
the convex linear interpolation between the connections Vj at the corners of the simplex. 
Then 

ch(V ,Vi,V 2 ) := / ch(V y ) 

JA 2 xM/M 

does the job. □ 

We now define the natural transformation that will show up in the above mentioned 
correction term 

a : L^H(M) DR^(M x X) , (V, g v ) ^ a(g v ) . (97) 

We use the notation (89) in order to describe the form a(g v ): 
1. For p > 2 we set 

ev a a(9 V Up) ■= \ (cVi(V K ' M , V y ") + ch 2p _ 1 (V y - M , V y - : 
ev a a(g v )(p) := -l c h 2p _ 2 (V y -*, V y -«, V y ") , 

and a(# y )Go) := 0. 



2. For p = 1 we set (using (96)) 

ev a a(9 V U±) ■= \ (ch 2p _!(V y - u , V Vct ) + ch 2p _ 1 (V y - M , V y -*) 

ev CT «(/)(l) := -ich (V y -*, V y -", V y ^) + _^A(<^) , 

and a(g v )(l) : = 0. 

3. We set a(g v )(0) := 0, a(g v ) R (0) := and a(g v )(0) := 
A simple calculation shows that 

co(g v ) = *(/3(g v )) + da(g v ) . (98) 
In order to compare the two cycle maps 

Sy^l, V o cycl : L5^Sp^(iVectj5JJ) K(X)° 
we introduce the following notations. We have a natural forgetful map 

V : px7r (z'Vect^J) -> Px 7r o(*Vect W /,z). 
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We denote the flat part (66) of differential algebraic X-theory by 



K(X)° flat (M) := ker (k°(M xl)4 Z°(DR Mf>z (M x X))) . 

An important observation is that K(X) ® lat is, in contrast to K(X)°, part of a cohomology 
theory. To be precise, K(X) f tat is represented by the homotopy fibre of the map of spectra 
r| ei1 : Kz(X) — > if (DR Z (X)). In particular, it makes sense to evaluate K(X)° /at on any 
topological space. 

Lemma 5.14. There exists a natural transformation 

e : p* x Tr (iVect Mf;Z ) -> K(X)J iai 

ip o cycl — cycl + aoa = eoV. 
Moreover, e is additive on short exact sequences, i.e. if 

K, ->• Vi ->• V 2 -> (99) 

zs an exact sequence then e(Vi) = e(Vo) + e(V2). 
Proof. We consider the natural transformation 

8 :— ip o cycl — cycl + a o a : p^7To(iVect^j™) — > K(X)°. 



The equalitiy of characteristic forms (98) implies that RoS = 0. Since we can interpolate 



between any two geometries on a given bundle the homotopy formula |5.6| implies that 5 
factors composition 

pWiVect5S) ^P*x^ect Mf , z ) A K(X)J, a4 C K(X)°. 

Since S and hence e is additive for direct sums and vanishes on a trivial bundle it corre- 
sponds to a class e G K(X)° Zat (i?GL(i?)) where BGL(R) is the classifying space of the 

discrete group GL(R). Since K(X)° /at is part of a cohomology theory it does not change 

by passing to the plus-construction K(X)° flat (BGL(R) + ) A K(X)° flat (BGL(R)). 

We denote by cy : M — > BGL(R) the map that classifies the stable class of V G 



p* x ir (iV ect M f jZ )(M). Given an extension (99) one knows that cy 1 and <y ©y 2 are ho- 



motopic when composed with BGL(R) — > BGL(R) + . This implies the assertion of the 
Lemma. □ 
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5.6 Extensions 



The main result of this Subsection is the proof (5.6.4) of Theorem 1.2, which identifies 



the alternating sum of cycle classes for an extension of geometric vector bundles with a 
version of the Bismut-Lott higher torsion form T (Lott's relation 



We refer to 5.6.3 for 

i 



the precise statement. The main ingredient is a deformation to a split extension over 



Using integration in the algebraic direction (5.4.2) we construct in 5.6.2 a form T' and 



show that it coincides with the Bismut-Lott form T up to exact forms. For this we use 
the axiomatic characterization of the latter, to be recalled in 15.6. II below. Lott's relation 



then follows essentially from the homotopy formula in Proposition 5.8 



5.6.1 The axiomatic characterization of the torsion form 



We specialize the definitions of geometries 4.7 and 4.8 to the case X = *. A locally 
constant sheaf V of finitely generated C-vector spaces on a manifold M can be presented 
as the sheaf of parallel sections of a uniquely determined flat complex vector bundle 
(V, V y ) on M. The connection is a partial geometry on that bundle in the sense of 



Definition 4/7 A geometry on V in the sense of Definition 4J3 is a hermitean metric h v 

on the vector bundle V — > M. In this case V y '* denotes the adjoint connection. 

Let 

V:0^V ^ >V n ->0 



be an exact sequence of locally constant sheaves of finitely generated C-vector spaces on 
a manifold M. A geometry on V is by definition a collection h v = (h *)i = Q n of metrics 
on the bundles VJ. In this situation the Bismut-Lott torsion form 



T(V, h v ) e A(M) 



is defined such that 



1 - 

dT(V,h v ) = -£(-i)Vh(V y nV yi ) 



(100) 



i=0 



|BL951 Def. 2.20]. Note that our normalization of the torsion form differs from the one 
adopted in |BL95j . In the present paper we will not use the precise construction of the 
torsion from but rather its axiomatic characterization. We restrict to the case n = 2 and 
consider a transformation 

(V, h v ) ^ T'(V, h v ) 
which associates to every exact sequence 



V : -»• Vq -»> Vl V 2 -»• 



(101) 



of locally constant sheaves of finitely generated C-vector spaces on a manifold M equipped 
with a geometry h v a form T'(V, h v ) G A(M). We have the following characterization 
due to Bismut-Lott: 



Theorem 5.15 f |BL95l Thm. Al.2]). Assume that (V,h v ) ^ V(V,h v ) satisfies 
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1. Re(T(V, h v ) 2p _ 2 ) = for all p > 1 (see Q /or Rej , 

2 . dV(v,h v ) = i^-i) 1 ^,^), 

5. T nafaroZ, i.e. T(/*V, /*/i v ) = /*T(V, /i v ) /or a smoo^n map / : M' -> M, 

^. T'(V, /i v ) = m t/ie spiii case, ie. waen Vi = Vo © V2 as /Zai bundles and h Vl = 
h v »®h v *, 

5. T 1 depends smoothly on V and h v . 

Then T'(V, /i v ) equals the Bismut-Lott torsion form T(V, h v ) modulo exact forms: 

V(V,h v ) = T(V,h v ) e A(M)/im(d) . 

5.6.2 A deformation 

In this subsection we give a holomorphic construction of a version of the analytic tor- 



sion form. Let (V, h v ) be an exact sequence (101) with geometry. We construct a form 
T'(V, h v ) which satisfies the assumptions in Theorem 5.15 The main point of the con- 
struction below is that it is canonical. This ensures the properties 3. and 5. in Theorem 

Em 

The metric h Vl provides an orthogonal decomposition of vector bundles V\ = Vo © V 2 . 
With respect to this decomposition the connection on V\ can be written as 

V Fl = V v ° © V^ 2 + E , Ee A 1 (M, Hom(y 2 , V )) . 

Furthermore, 

h Vl = hJy Q © hfir 2 . 

We let Y := CP 1 with homogeneous coordinates [x : y). We consider x, y as global sections 
in CV(l)(y). The holomorphic line bundle -ffy(l) (whose sheaf of holomorphic sections 
is CV(1)) has a natural ?7(2)-invariant metric h Hv ^ and an {7(2)-invariant connection. 
We normalize h Hv ^ in such a way that its value on the section y evaluated at [1, 1] is 1. 
On M x Y we consider the vector bundle 

W := pr* M V © pr* Y H Y (l) © pr* M V 2 . 

The connections V y ° and V^ 2 together with the connection on -ffy(l) induce a connection 
on W. We consider 

pr* M E © pr* Y x G A 1 (M x F, Hom(pr* / V 2 , pr* M V © pr y #y(l))) 

and define the connection 

V w := + pr* M (E) ® W * Y x . 
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The partial connection V 1 on W — > M x Y induced by V w in the M-direction is flat. 
Furthermore, the (0, l)-part 8 of V w in the ^-direction is a holomorphic structure. The 
pair (V / , 8) is a partial geometry on the complex vector bundle W — > M x Y in the sense 
of Definition \4J\ 

We fix a cut-off function 9 G C°°(R) such that 6{t) G [0, 1] for all t G R, 6{t) = for t < \ 
and 9(t) = 1 for £ > |. The bundle PU has two metrics and , where the first one 
is induced from /i^ 2 and h Hv ^ l \ while the second one is induced in the same manner 
from ft,,y o and and h Hy ^ . We define the metric 

/^([x : 1]) := (1 - 6(\x\))hZ([x : 1]) + e(\x\)h?([x : 1]) 
(note that /i 147 extends smoothly to the point [1 : 0] G V). 

The pair (V 11 , h w ) consisting of the partial connection V 77 in the F-direction induced 



by V w and the metric h w is a geometry g w in the sense of Definition 4.8 and the pair 
(W, g w ) becomes a geometric bundle. In particular, we have the characteristic form (54) 



u(g w ) G Z°(DR MJiC (M x Y)) . 



Using (81) we define the form 

U(V,h v ):= [ uj(g W ) G DR M 1 ^ C (M) . (102) 
J ii 

Let Ui : M^M x CP 1 be the inclusions given by the points [i, 1] G CP 1 , i = 0,1. Then 
by construction and using y as a basis of CV(1)|{j/^o} we have isomorphisms 

«I(W;<7 W )^(Vi,/i Vl ) , ul(W,g w )^(V ®V 2 ,h v °®h v >) . 

Since w^^) is closed (|8~2~|) implies that 



- dW(V, /i V ) = ^(-1)^(^0 =: w(/i v ) . (103) 



i=0 



We define the form a{h v ) G DR" 1 fC (M) using the notation rt89|) similarly to the form 



defined in (97): 



1. For p > 1 we set 

«(^)r(p) := i (diap-iCV^, V V ) +ch 2p _ 1 (V v '",V v '*)) 

a(h v )(p) := -ich 2p _ 2 (V y '*,V^, V v ) , 

and a(h v )(p) : = 0. 

2. We set a(/i y )(0) := 0, a(h v ) R (0) := and a(^)(0) := 0. 
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We set 



a 



< hV ) ■= £(-l)'a(* V4 ) G DR m/,c (M) . 
Furthermore, we define 

2 

7 (/> V ) := ^(- 1 )'t(^ < ) e ^°(DRm/,c(M)) 



(104) 



i=0 



where 7(/i v ') G Z°(DRm/,c(M)) is given as follows: 

1. For p > 1 we set 7(/i v ') R (p) := 0, l(h v )(p) : = and 

7(^)(p):=^ch 2 ,_i(V y '*,V y ) 

2. We set 7(/i V )(0) := 0, l(h v ) R (0) = ^(h v )(0) := dim(V). 



Then we have (compare with (98)) 

u(h v ) - da(h v ) = 7 (/i v ) . 

We define 



(105) 
(106) 



Z(V,h v ) :=U(V,h v )+a(h v ) G DRj jC (M) . 
Equations (103) and ( |105 ) imply that its components (89) satisfy Z(V,h v )(p) = and 

dZ R (V, h v )(p) = , -dZ(V, h v )(p)+Z R (V, h v )(p) = -i{h v ){p) (107) 



for all p > 0. We now separate the real and imaginary parts (cf. (90)) of this equality. 
Note that 

Im(Z R (V,h v )(p)) = , Re(ch 2p ^(V Vi '*, V Vi )) = . 

We define 

T(V,h v ) 2p _ 2 := Im(Z(V,h v )(p)) , T(V,h v ) := £ r(V, /> V ) 2p - 2 . 

P >i 



Then the imaginary part of (107) gives 



1 2 

dT'(V,h v ) = -^(-lychtV^V 1 



(108) 



i=0 



Finally, we check that T'(V, /i v ) vanishes in the split case. But indeed, using the no- 
tations from the beginning of this subsection, the metric h = h^ 2 = hY, the con- 
nection = Vj^, and hence the characteristic forms are [7(2)-invariant. In particu- 
lar, u(g w ) G DRjvr/ i c(M x Y) is harmonic in the F-direction and, by construction (cf. 



83|,(84)), the integral J n co(g w ) vanishes. One sees directly that also a(h v ) vanishes. 
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Putting everything together, we see that 

(V, h v ) ^ T(V, h v ) 

satisfies the assumptions in Theorem |5.15 characterizing the Bismut-Lott torsion form, 
and hence 

T'(V,h v ) = T(V,h v ) (109) 

modulo exact forms. 

For later use we introduce the following notation: 

z^(v,h v ) := (o©o,r / (v,/i v ) 2p „ 2 ) i 



'p>0 



(110) 



and 



so that 



Z Re (V, h x 



Z R (V, h v )(p)®0,Re(Z(V, h v ){p)) 



p>0 



Z(V, h v ) = Z Re (V, h v ) + Z lm (V, h 



Further note that (107) implies 



Z Re (V, h v ) = d[ Re(Z(V, h v )(p)) © 0, 



(111) 



(112) 



5.6.3 Lott's relation 



We fix a number ring R and set X := Spec(i?) G Reg z . We further consider a smooth 
manifold M and an exact sequence 

V : -»■ V Q ->• Vl ->• V 2 -»■ (113) 

of locally free, locally finitely generated pr^ Ox-modules on M x X. 

Recall from Subsection 5.5.3 that for every o 6 X(C) we get an exact sequence 

V CT : Vb, ff -»- V v y 2t<T (114) 

of locally constant sheaves of finitely generated C- vector spaces. Since X(C) is zero- 
dimensional, a geometry g v = (g Vi )i=o,i,2 is the same as a collect ion of geometries (/i v<T ) CT ex(c) 



5.5.3 



and 



5.6.1). 



such that h " = h v& (cf. the introductory paragraphs of 
We use the Bismut-Lott torsion forms T(V a , h Va ) in order to define the analytic torsion 
form 

Tj.{V,g v )eUA-\M) 

which coincides up to normalization with the form |BG} (104)]. In terms of the components 
(89) of its image \I/(7z(V, g v )) under the map (91) it is given by 

7i(V,0 V ) R (p):=O, %(V,g v )(p):=0 for all p > 
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and 



ev a %{V,g v )(p) 



-T(V a ,h v °) 2p _ 2 p>2 
-T(V a ,h v °) +f(V,g v ) p=l 
p = 



with 



(115) 



(116) 



aeX(C) 



Recall the characteristic form (3(g Vl ) introduced in (95) and write 

2 



i=0 



By the fundamental property (100) of the Bismut-Lott torsion form we then have 
d9(Tz(V, g v )) = and hence dT z (V, g v ) = (3{g v ) 



In |BG| Conj. 5.7] we asked whether 

cycl(V ,<7 Vo ) " cycl^,^) + cycl(V 2 ,<^) = o(T z (V^ v )) 

holds true in KR (M). We call this Lott's relation. For more motivation we refer to \BG\ 
Sec. 3.4.1]. 

Theorem 5.16. Lott's relation holds true, i.e. we have 



cy"cl(V ,g Vo ) - cycles*) + cjcl(V 2 ,g v >) = a(%(V,g v )) 



-.Vl 



V 2 < 



in KR (M). 



5.6.4 Proof of Theorem 15.161 



Recall the functions (116) and (96). 



Lemma 5.17. We have the relation 



8=0 



Proof. We write 



a(V,g v ) := f(V,g v ) -p^B" 1 ^ 



We first observe that as a consequence of Lemma 5.12 and (108) we have da(V,g v ) = 0. 
This implies that a(V,g v ) is independent of the choice of the metric g v . Moreover it 
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suffices to check the equality cr(V, g v ) = in the case that M is a point. If M is a point, 
then we can assume that (V, g v ) splits in which case a(V,g v ) = is clear. □ 



To prove the Theorem, by Lemma 5.11 and (94) it suffices to show that 

^(cycl(V o ,0 Vo )) - ^(cycl^, + V(cycl(y 2 ,^ 2 )) = a(* (T Z (V , g v ))) 



in K°(M x X). By Lemma 5.14 this is equivalent to 

^l(V ,g v °) - ^(V^g*) + ^(V 2 ,g v >) = a {*(%(V,g v )) + a(g v )) 



where a(g ) is defined using the form a from (97) by 

2 



(9 V ) ■= . 



We write 



Then we have 



M/(Tz(V,s y )) + a(g v ) =: 5(V,<? V ) G DR^ Z (M x X) 



, h iTo9l,iTTol,iTT5l y . s . 

ev a S(V,g v ) L - f, W L - f ^ Im ^' ^ , „v„v, 



{106} 



-Z^^.Pj+a^') (mod im(rf)) 
-Z(V„, h v °)+a{g v °)+Z*°{V^ ^ V <0 
-W(V ff ,/i v *)+2 ,to (V ff ,/i v '') 
-U(V a ,h v °) (mod im(d)) 



(117) 



using Lemma 5.17 for the p = 1-component. 

We can assume that M is connected and fix a base point m G M. We let Ui G Mod(i?) 
be the fibres of Vi at m. The sheaves Vi are determined by the holonomy representations 
Pi of 7Ti(M, m) on the finitely generated projective -R-modules We can choose a 
decomposition 

U x = U © C/ 2 (118) 

as i?-modules and write 

7 Po v 

P 2 

for some map z/ : TVi(M, to) — >■ Hom Mod (j ? )(f/ 2 , Z7q)- 

We let K := with homogeneous coordinates [x : y], and we consider x G Oy(l)(F). 
We define the vector bundle 



Pi 



U x := Uq ® fl Oy(l) © U 2 



on X x y and set 



Pi 



Po ® 1 ^ <8> x 

P2 



: tv i (M, to) -> Aut(CT'i) . 
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The representation pi determines a sheaf V\ of locally free, finitely generated pr* XxY OxxY- 
modules on M x X x Y . Its base-change along the inclusion Z — > C is a sheaf Vi,c over 
M x X(C) x CP 1 . For every a e X(C) we get a complex vector bundle W a — >■ M x CP 1 
with partial geometry (V /,m/ct , 9 ct ) such that the sheaf of joint kernels of ^ I ' Wa and d " 
is canonically isomorphic to (Vi,c)mx{<t}xCp 1 - 

If we apply the construction of Subsection 5.6.2 to the sequence (114) we get a bundle 
W a — >■ M x CP 1 with partial geometry (V Wa , 9^). By construction we have a natural 
identification 

\{mx CP 1 } ~* (W / a)|{mxCP 1 } • 

Indeed, both sides are canonically isomorphic to the vector bundle on CP 1 corresponding 
to 

(U ® CT C) g> C CP i(l) © (tf a ® ff C) (g) C C pi • 

We use parallel transport along curves with constant projection to CP 1 in order to extend 
this identification to an isomorphism 

a : w a -> iy CT 

which is compatible with the partial connections V /,h/ct and V 7,vl/<T . This works since by 
construction the isomorphism (j) a ^ m maps the holonomy of (V i,w,t )mx{z} to the holonomy 
of (V /,w/<t )mx{z} for all z G CP 1 . Note that <f) a is also compatible with the holomorphic 
struc tures d d " . We now use (f) a in order to transport the geometry g " defined in 



5.6.2 for the sequence (114) to a geometry g " . 

We define the geometry g Vl such that it evaluates at all a G X(C) to the geometry g w ° . 
We let Ui : M x X -> M x X x K be the maps given by the points [z : 1] G P|(Z), z = 0, 1. 
By our normalization of the metric h Hy ^ we have a natural isomorphism 

We also consider the split variant (V r 1 spllt , f?^i P ) obtained by replacing the exact sequence 
(113) in the constructions above by 

ysplit . q ^ Vq ^ y o & y 2 ^ y 2 ^ Q 

and using the geometry induced by g v ° and g v-2 on Vq © V<i- By construction we have 
natural isomorphisms 

«o(^ plit ,/" Ut ) = ul{V 1: g% ul(V? m ,g^ m ) * (y Q ,g v °) © (V 2 ,g v >) . 
We write 

x := ^l(V h g^), y := ^l(V^\ . 



Since the topological cycle map (74) is additive on short exact sequences we have I(x) = 
I(y). Furthermore j n R(y) = (cf. the argument in Subsection |5.6.2 ). By Proposition 
15.81 we have 

u\(x) - u\(y) = u\(x - y) - u* {x - y) = a( / R(x)) = a( uj(g Vl )). 

Jn Jn 
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In other words, 



Note that 



cycl(V ,5'o) - cyclO^g-x) + cycl(V 2 ,g 2 ) = -a( / u{g Vl )) 

1 11 



ev CT / Lu(g^)=U(V a ,g x 
'11 



for all a G X(C). In view of (117) this implies 



-a(l u;(g v i)) = a(5(V,g v )) 
1 11 



and thus Theorem 15.161 



□ 



A Notations and technicalities 

A.l Categories 

We list some categories appearing in the present paper. 



name 


symbol 


sets 


Set 


simplicial sets 


sSet 


spectra 


Sp 


(of simplicial sets) 




abelian groups 


Ab 


chain complexes 


Ch 


(of abelian groups) 




standard finite ordered sets 


A 


1-category of categories 


Cat 



A. 2 oo-categories and their localization 



We use the language of oo-categories. A basic reference is [Lur09j. A quick overview 
is given in |GrolO] . For us, an oo-category is a simplicial set satisfying the inner lifting 
property [Lur09, 1.1.2.4]. Given a simplicial set S and an oo-category C, we denote by 
Fun(S', C) the simplicial set of maps between the underlying simplicial sets. It is again an 
oo-category |Lur09t 1.2.7.3]. A functor between oo-categories is a morphism of simplicial 
sets. It is an equivalence of oo-categories if the morphism of simplicial sets is a categorical 
equivalence |Lur09l 1.1.5.14]. 
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Let C be some oo-category and W a collection of morphisms, i.e. 1-simplices, called weak 
equivalences. For every oo-category T we let 

Fun w -i(C,T) C Fun(C,T) 

be the full subcategory of functors which map the weak equivalences W to equivalences 
in T. Then there exists an oo-category CjW -1 ] together with a natural functor 

C -> C[W~ l ] 

characterized by the universal property that for every oo-category T the induced map on 
functors to T factorizes over an equivalence 

Fun(C[W^ 1 ],T) ^ Fun w -i(C,T) 

(cf. |SpilO[ Lemma 5.1]). 

Here we list the basic oo-categories and the choices of weak equivalences used in the 
present paper. We denote the nerve of a category C by N(C). It will be considered as an 
oo-category. 



name 


symbol 


W 


categories 


N(Cat) 


equivalences of categories 


simplicial sets 


N(sSet) 


weak homotopy equivalences 


chain complexes 
of abelian groups 


N(Ch) 


quasi-isomorphisms 


spectra 


N(Sp) 


stable equivalences 



A. 3 Monoids and groups 

If C is a symmetric monoidal oo-category, then have the oo-category CommMon(C) 
of commutative monoids in C (called commutative algebra objects in \Lm\ Definition 
2.1.3.1]). In the special case of N(sSet)[VK ] with the cartesian symmetric monoidal 
structure we can consider the full subcatgeory of grouplike monoids. The inclusion is part 
of an adjunction 

VLB : CommMon(N(sSet)[W /_1 ]) CommGroup(N(sSet)[W / ~ 1 ]) : inclusion , 
where VLB is called the group completion. 

We let N(Sp-°) C N(Sp) denote the full subcategory of connective spectra. Its weak 
equivalences are induced from N(Sp). The oo-loop space functor from spectra to pointed 
simplicial sets refines to a functor 

VL°° : N(Sp)[H/" 1 ] CommGroup(N(sSet)[iy- 1 ]) 

whose restriction to N(Sp-°)[W / ~ 1 ] is an equivalence. We write sp for the composition 

sp : CommGroup(N(sSet)[H/- 1 ]) ^T' N(Sp^°)[W -1 ] N(Sp)[H/" 1 ] . 
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A. 4 Mapping spaces 

If C is an oo-category and x, y G C are objects, then we let 

map(x,y) G N(sSet)[iy _1 ] 

denote the mapping space |Lur09| 1.2.2.1]. If C is stable |Lurl 1.1.1.9] (as e.g. N(Sp)[H /_1 ] 
or N(Ch)[H /_1 ]), then we have a mapping spectrum 

Map(x,y) G N(Sp)[W -1 ] 

which refines the mapping space in the sense that f2°°Map(x, y) = map(a;,y) (where we 
secretly forget the commutative group structure on the left hand side). 
In the case that 

x,y G CommMon(N(sSet)[H / " 1 ]) 

we write 

Map(x,y) G CommMon(N(sSet)[^ 1 ]) 

for the mapping space map(x, y) equipped with the additional structure of a commutative 
monoid. Details will always be indicated at the corresponding places. 

A. 5 The Eilenberg-MacLane correspondence 

We consider Z G N(Ch)[iy _1 ] as a chain complex in degree and let 

HZ : = Map(Z,Z) G CommMon(N(Sp)[lf" 1 ]) 

be its endomorphism spectrum with the additional structure of a commutative ring spec- 
trum. We let Mod(-ffZ) denote the oo-category of iJZ-modules which comes with a 
forgetful functor 

Mod(iJZ) -> N(Sp)^ 1 ] . 
Then there is a unique equivalence (the Eilenberg-MacLane functor) of stable oo-categories 

H : N(Ch)[P^- 1 ] ^ Mod(#Z) 

which sends Z to HZ. We refer to [BG, Subsection 6.8]. 

We need the following relation of the Eilenberg-MacLane correspondence with the group 
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completion: 
N(Ab) 



CommMon(N(Cat)[lf- 1 ]) 



;ii9) 



^const 



No/ 



NfsAb) 



■ CommMon(N(sSet)[l¥- 1 ]) 



Q.B 



S° 



N(sAb)[l^- 1 ] >- CommGroup(N(sSet)[W / - 1 ]) 

lold-Kan ^ 

N(Ch^°)[W^- 1 ] 

N(Ch)^- 1 ] - -N(Sp)[W^- 1 ] . 



incl. 



sp 




A. 6 Primitive cohomology classes 



Here we provide some technical facts used in the proof of Proposition 3.8 We first 



establish the isomorphism (30). 
Recall that 

Y : (Sm c ) A ° P -)■ Sh sSe t(Sm c ) 

is the Yoneda embedding and k : Sh s s e t(Smc) — > Fun(Sc, N(sSet)[W / ~ 1 ]) is the canon- 
ical map. We denote the oo-categorical Yoneda image of the variety BGL q £ Smc by 
Y OD (BGL q ) £ Fun(Sc, N(sSet)[W /_1 ]). Then we have a canonical equivalence^] 

k(Y(BGL.)) = colim k]eAoP Y 00 (5GL (? ) 



in Fun(Sc, N(sSet)[W Using this and the Yoneda Lemma |Lur09t Lemma 5.1.5.2] 
we get the equivalences 

ma. V ( K (Y(BGL.)),Q^H(DR(p))) lim MeA map(F 00 ( J BGL g ), n°°H (DR c (p))) 

= lim [5]eA n~i7(DRc(p)(£GL,)) 

The functors Q°° and H commute with limits. Since moreover lim^ e /^T)'R,c(p)(BGL q ) = 
totT>Rc(p)(BGL,) we obtain the equivalence 

maj>(K(Y(BGL.)),n°°H(T>R,(p))) = n°°H (tot(DRc(p)(BGL.))) • 

Since for any complex A £ N(Ch)[W _1 ] we have iTk(H(A)) = H~ k (A) we get for any 
k > a natural isomorphism 

7r fc (map(K(y(BGL.)), n°°^(DR(p)))) = (tot(DRc(p)(BGL.))) 



2 If 5 is a bisimplicial set there is a natural equivalence diagS 1 = colimAopS 1 in N(sSet)[W 1 ]. We 
apply this to a bisimplicial set which is constant in one direction. 
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which is exactly (30). 

The direct sum makes BGL, a monoid in Sm^ P . We denote by /x, pr 1 ,pr 2 : BGL, x 
BGL, — >■ BGL, the monoid structure and the projections, respectively. The subspace of 
primitive elements 

H* (tot(DR c (p)(BGL.))) pnm C if* (tot(DRc(p)(SGL.))) (120) 
is by definition the set of elements x satisfying 

jj, [x) = pr x x + pr 2 x. 



It follows from the above and from the definition of Prim(M, DRc(p)) in 3.7 that we have 
an injection 

Prim(M,VR c (p)) ^ H° (tot(VR c (p)(BGL.))r im . (121) 



A. 7 Sheaves 

We now consider a site S, i.e. a category with a topology determined by a collection 
of coverings (U -> M), and take S := N(S' op ). For the following we refer to |Lur09| 
6.2.2.6-6.2.2.7]. We assume that the target C is a presentable oo-category. 

Definition A.l. We let 

Fun desc (S,C) C Fun(S,C) 

denote the full subcategory of sheaves, i.e. objects F G Fun(S, C) which satisfy the descent 
condition that 

F(M) 4 lim A F([7.) 

is an equivalence in C for all open coverings U — » M, where U, G S A ° P denotes the 
associated Cech nerve. 

We have an adjunction 

L : Fun(S, C)^Fun desc (S, C) : inclusion , (122) 

where L is called the sheafification. 

Here is a list of sites used in the present paper. 



site 


oo-category 


name 


coverings 


Mf 




manifolds 


open coverings 


Sm c 


Sc 


smooth varieties over C 


Zariski open coverings 






regular, separated schemes of finite type over Z 


Zariski open coverings 


Mf x Reg c 




the product 


induced 


Mf x Reg z 


Sa//,z 


the product 


induced 
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A. 8 Homotopy invariance 

Let I := [0,1] G Mf be the unit interval and S G {S A //, Sm/,c, Sm/,z}- For any 
oo-category C the pull-back along the multiplication by / gives an endofunctor X : 
Fun(S, C) — > Fun(S,C). Moreover, the projection along / gives a transformation 
id X. 

Definition A. 2. We call a functor X G Fun(S, C) homotopy invariant if the natural 
morphism X — > X(X) is an equivalence. 

Let A* G Mf A be the cosimplicial manifold given by the standard simplices. It gives a 
functor S x N(A op ) — > S induced by (M, [q]) i-> M x A q . Pull-back along this functor 
defines the functor 

s : Fun(S,C) ->• Fun(S x N(A op ),C) . (123) 
We define the endofunctor 

s := colim N(AoP) o s : Fun(S, C) ->■ Fun(S, C) . (124) 

The projection A* — > * to the constant cosimplicial manifold given by the point induces 
the transformation 

id^s. (125) 
It is a simple exercise using the contractibility of the simplices to show the following. 
Lemma A. 3. If X G Fun(S, C) is homotopy invariant, then X — > s(X) is an equivalence. 

A. 9 Constant sheaves 

Let C be a presentable oo-category. The projection p : Sm/ —> * induces a functor 

p*:C^Fun(S A// ,C) . 

Furthermore, if we let e : {*} — > S^// be the inclusion and 

e* : Fun(S A// ,C) -> C 

be the evaluation at *, then for every X G Fun(Sjv//, C) we have a natural map p*e*X — > 
X. If X is a sheaf then this morphism extends naturally to a morphism L(p*e*X) — > X, 
where L : Fun(S A //, C) -)■ Fun desc (SM/, C) denotes the sheafification functor ( |122[ ). 

Definition A. 4. We say that X G Fun desc (Sj\//, C) is constant if the natural morphism 
L(p*e*X) X is an equivalence. 

We let 

Fun desc ' const (S M /,C) C Fun desc (S A f/,C) 
be the full subcategory of constant sheaves. Furthermore, we define 

Fun desc ' cons *(S M /,z, C) := Fun desc ' consi (S A f/, Fun desc (S z , C)) , (126) 
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Fun desc ' cons *(S M/iC , C) := Fun desc ' const {S Mf , Fun desc (S c , C)) 
i.e. the constancy condition only refers to the manifold direction. 

Using the fact that manifolds admit good open coverings, i.e. open coverings such that 
all components of multiple intersections are contractible, one can show: 



Lemma A. 5. If X £ Fun £SC (Sm/,C) is homotopy invariant (see A. 2), then it is con- 
stant. 

A. 10 Sm - smooth function objects 

We have functors sing^ C sing : Mf — > sSet which associate to a manifold its singular 
complex and its subcomplex of smooth singular simplices. Since manifolds are locally 
contractible we have 

sing G Fun desc ' const (S M f,HsSet)[W- 1 } op ) . 
Moreover, the natural inclusion 

sin Soo ^ sin S ( 127 ) 
is an equivalence in Fun desc ' cons *(S M/ , N(sSet)[^- 1 ]°P). 

Let C be a presentable oo-category. Then it is cotensored over N(sSet)[W / ~ 1 ]. We denote 
the cotensor by 

cot : N(sSet)[Vy" 1 ] op xC^C. 
Using the cotensor structure we can define the functor 

Sm := coto(sing x id) : C -»■ Fun desc ' cons '(S M/ , C) . 

We say that Sm(U) is the smooth function object associated to U G C. 
Sometimes we use the equivalence 

Sm = cot o(sing oc x id) (128) 



induced by (127). 

Corollary A. 6. For every X G C the smooth function object Sm(X) is homotopy invari- 
ant, and hence constant. 

Let S G {Sm/, Sm/,c, Sm/,z} and p be the projection from S to the point, respectively to 
the second factor, which belongs to {*,Sc,Sz}, correspondingly. Similarly let e denote 
the inclusion of the point respectively the second factor into S given by * G Sm/- 

Lemma A. 7. If X G Fun d6SC,cons *(S, C), then we have natural equivalences 

X £■ L(p*e*X) = L(p*e*(Sm(e*X))) ^ Sm(e*X) . 

Proof. This follows from the constancy of X and Sm(e*X). □ 

Let E G N(Sp)[lU _1 ] be a spectrum. It represents a cohomology theory E*. For every 
i G Z and M G Mf we have 

7Ti(Sm(E)(M)) = E~\M) . (129) 
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A. 11 Complexes and cones 

Using the convention C_j = C l a chain complex (C, dc) will either be indexed cohomo- 
logically, 



or homologically, 



> C { % C i+1 ->• . . . 



For an integer /c we define the shifted complex (C[fc], dc\k\) by C[k] % = C l+k or equivalently 
C[k]i = Ci^ k with differential d C [k] = (— l) fe <9c*- 

We fix the conventions for the cone of a map of chain complexes : C — > D as follows. 
We set 

Cone(0) i := C i+1 © D* . 
The differential of Cone(0) is given by 

d(c,d) := (-d c (c),d D (d) - 0(c)) . 

The cone fits into a fibre sequence 

► Cone(0)[-1] A D -> Cone(0) ->■ . . . 

in N(Ch)[W -1 ]. 

A. 12 Variants of differential forms 

1. y4(M x X) denotes the smooth complex-valued differential forms on the smooth 
manifold M x X, where X is a complex manifold. 

2. v4k(M x X) denotes the subcomplex of real forms. 

3. For X G Sm c we denote by A\ og ^ M f(M x X), A\ ogtM f^(M x X) the complex of 
forms with logarithmic singularities at the boundary of X and its subcomplex of 



real- valued forms introduced in (46). They carry the increasing weight filtration 



W*. In addition, A\ ogj Mf(M x X) carries the decreasing Hodge filtration J 7 *. 

4. DRm/,c(M x X) and DRjvf/,z(M x X) denote the cones introduced in Defini- 
4.3 and 4.4 They are products over the components DRm/,c(p)(M x X) or 



tions 



DR A f/ ! z(p)(M x X), respectively 
5. DR C (X) := DR Af/iC (* x X), DR Z (X) := DR M/ , Z (* x X) 
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